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Vacuum Correlation Funcions

Correlation functions of local operators

〈0|O(x)O(0)|0〉

One possible approach: Spectral sum

∑
n

〈0|O(x)|n〉〈n|O(0)|0〉

Compute form factors 〈0|O(x)|n〉, compute low-energy expansion
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Vacuum Form factor Bootstrap program

States specified by set of particle rapidities, |θ1, θ2, . . . 〉
E = m cosh θ, p = m sinh θ

Compute form factors:

fO(θ1, θ2, . . . ) ≡ 〈0|O(0)|θ1, θ2, . . . 〉

Bootstrap program:
1)Find analytic restrictions on these functions, imposed by integra-
bility and physical requirements.

2)Attempt to solve the constraints.
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Vacuum Form factor Bootstrap program

Scattering axiom: fO(θ1, θ2) = S(θ1 − θ2)fO(θ2, θ1).

Periodicity axiom: fO(θ1, θ2) = fO(θ2 + 2πi, θ1).

fO(θ1, θ2) = KO(θ1, θ2)fmin(θ1, θ2)
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Correlation functions on
Thermodynamic backgrounds

Consider a generalized thermodynamic state:

Extensive amount of energy, but fixed energy density, E ∼ L

Generally described by some density matrix, ρ,

Tr [ρO(x)O(0)] /Z

Problematic double spectral sum

Not necessarily low-energy centered
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Correlation functions on representative
thermodynamic eigenstate

In the thermodynamic limit, correlators of local observables
in integrable QFT, can be computed on one representative eigen-
state:

Tr [ρO(x)O(0)] /Z =
〈ϑ|O(x)O(0)|ϑ〉

〈ϑ|ϑ〉

State |ϑ〉, chosen to have same particle distribution,

Tr
[
ρA†pAp

]
/Z =

〈ϑ|A†pAp|ϑ〉
〈ϑ|ϑ〉
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Particles and holes on top of thermodynamic
states

〈ϑ|O(x)O(0)|ϑ〉
〈ϑ|ϑ〉

=

∑
n〈ϑ|O(x)|n〉〈n|O(0)|ϑ〉

〈ϑ|ϑ〉

For local operators, the form factor 〈ϑ|O(x)|n〉 vanishes if |ϑ〉 and
|n〉 are macroscopically distant

Consider only a countable, microscopic set of perturbations from
the representative state

|n〉 = |ϑ; θ1, θ2, . . . 〉

Now excitations may be particles or holes
Excitations are dressed by the background, ϑ
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Finite volume and Bethe ansatz

System size L. Periodic boundary conditions.

eiLm sinh θi
∏
k 6=i

S(θi − θk) = 1

mL sinh θi +
∑
k 6=i

δ(θi − θk) = 2πIk

States specified by a set of discrete quantum numbers {I}. Ra-
pidities are solutions of couples Bethe equations.

Adding a single excitation, slightly affects all other particles.

In the thermodynamic limit, all this minute shifts add up to finite
amount.
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Backflow, and Dressed physical quantities

If we add some set of excitations {θi}, we can define the backflow
function,

θnew − θold ∼
F (θold|{θi})

L

How the introduction of {θi} affects the rapidity of a background
particle θold. Computable, integral equation expression.

Dressed energy:

Edressed(θi) = m sinh θi + ∆Ebackground(θi)
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Thermodynamic Bootstrap program

Define form factors with excitations on top of the thermodynamic
background

fOϑ (θ1, θ2, . . . ) ≡
〈ϑ|O(0)|ϑ; θ1, θ2, . . . 〉

〈ϑ|ϑ〉

Can we derive axioms?And solve them?
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Thermodynamic Bootstrap program
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Minimal form factors

Dressed Monodromy equation

Sϑ(θ1, θ2)f
O
ϑ (θ2, θ1) = R−1ϑ (θ1|θ1, θ2)fOϑ (θ2, θ1 − 2πi)

Factorized solution

fOϑ (θ1, θ2) = KOϑ (θ1, θ2)A
min
ϑ (θ1; θ2)A

min
ϑ (θ2; θ1)f

min(θ1 − θ2)
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Correlation functions,
“dressed” Leclair-Mussardo Formula

CO,O
′

ϑ (x, t) ≡ 〈ϑ|O(x, t)O′(0, 0)|ϑ〉
〈ϑ|ϑ〉

Introduce intermediate states: particles and holes dressed by the
background

CO,O
′

ϑ (x, t) =
∑
n=0

∑
σi=±1

(
n∏
k=1

−
∫ ∞
−∞

dθ

2π
ϑσk(θk)

)
×fOϑ (θ1, . . . , θn)σ1,...,σn

(
fO

′
ϑ (θ1, . . . , θn)σ1,...,σn

)∗
× exp

(
ixm

n∑
k=1

σkk(θk)− itm

n∑
k=1

σkε(θk)

)
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Infrared regimes

What weights down this correlator in the IR?

Long distance suppression:

exp

(
ixm

n∑
k=1

σkk(θk)− itm

n∑
k=1

σkε(θk)

)
Particle-hole pairs encouraged. Single particles and holes sup-

pressed.
Low temperature suppression:

n∏
k=1

ϑσk(θk)

Holes suppressed.

Which is larger, x or β?
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Sinh Gordon: a simple example

H =
1

16π

∫
dx
[
(∂xΦ)2 + (∂tΦ)2

]
− λ cosh (βΦ)

Only one species of particle, no bound states
Vertex operator O = eiaφ

f e
iaφ
ϑ (θ) = Na

ϑAϑ(θ)

Re[log Aϑ
min(θ)]

Im[log Aϑ
min(θ)]
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2-excitation form factors also available
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The future

GGE observables, and finite time evolution (Quench action)

Beyond generalized hydrodynamics?

Floquet dynamics, periodic gibbs ensembles?

Extending the Catalog: Semilocal particles, non-diagonal scatter-
ing

Sine-Gordon, O(N) sigma models...
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