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This is a collection of problems given in recent entrance exam-
inations in various SISSA Sectors, which may be relevant for the
Statistical Physics Curriculum.



Problem B. Classical solutions in Field Theory

Field Theories may have degenerate vacua and kinks, i.e. interpolating field config-

urations among them. Let

w= a3 (32) + v

be the classical hamiltonian for the static (time—independent) configurations of ¢,

(1)

a scalar field in one space dimension.

1. Take U(p) = 4(¢* —1)® (¢ > 0). Derive the differential equation satisfied
by the static configurations and prove that ¢(z) = & tanh[\/Z(z — x¢)] is a
solution (¢, (z) being a kink and ¢_(z) being an anti-kink). Compute its
energy density, interpret physically the profile of this curve and determine

how the total energy of the kink depends on g.

2. For the above model, consider the configuration made of a kink and an anti—
kink separated by a large distance R (the precise mathematical expression
of this configuration is inessential and can be taken as a step function of
jumps £1, see figure below). Let us switch an external source h on, so that
U — U + 60U, with 60U = hyp. FEvaluate the effect of the new interaction
on the (unperturbed) configuration drawn in the Figure by estimating the
behaviour of its energy for large R and determine whether an attractive or

repulsive potential between the kink and the antikink will be generated.

+1




Problem 1

Consider a gas of independent particles. Each particle can be in astate k =0,1,2,.. ..

In a time interval dt, for each particle one of the following processes may occur:
- with probability ndt the state spontaneously increases by one: k — k + 1
- with probability kdt the state spontaneously decreases by one: k — k — 1

e Write the master equation for this process and find the stationary state distribution
Py(k) of k. (Hint: use the generating function P(z) = >3, P(k) zF .) Now consider a
case where we switch on the interaction between particles by introducing the following

additional process:

- in a time interval dt with probability £dt particle ¢ collides with a particle 5 chosen
at random, and if k; > 1 then k; — k; + 1, otherwise £; is unchanged. The interaction

leaves k; unchanged.

Consider the mean field approximation where the probability P¢(k,t) has the same
functional form of Py(k) but the average (k) = ¢(t) depends on time.

e Discuss qualitatively the behavior of the system, within this approximation, as a

function of the interaction parameter £ for n < 1.

e Will the gas always reach the same stationary state independently of the initial

condition?



rropiein <«

Consider a system with two energy levels, 4 = 0, Eg = € > 0 occupied by N
particelle that are in thermal equilibrium at a temperature 7' =1/ (Kg = 1).

1. Calculate the probability, P, to find n particles in the ground state (state A).
Assume that the particles are classical (i.e. subject to Boltzmann statistics).
Then calculate the average energy for the system , (E) | specific heat and average
number of particles in the ground state (n) as a function of 8. Summarise your

results in a qualitative sketch for the behaviour of the calculated quantities.

2. Repeat the above calculation for particles obeying Bose statistics. Compare the
behaviour of the calculated quantities for 7" — 0 and 7" — oo for the two cases

of Boltzmann and Bose statistics.

3. Assume that detailed balance is satisfied, and that W (n — n') indicates the rate

of transition from n to n’ particles in the ground state. Calculate

W(n—n-—1)
W(n—-1-—n) 1)

in the classical and quantum (Bose) case and discuss the differences.

4. Assume that
1

W(n—-1-—n)" 2)

Win—-n-1)=

and that all transition rates W (n — n') are zero if [n — n'| > 1. At time ¢t =0
the system is prepared with all particles in the excited state (state B). Calculate

how P, increases at early times (¢ & 0) in the classical and quantum case.



Problem C. Extimate of Ground State Energy in Quantum Mechanics

Exact results in Physics are quite rare but a quite good estimate of physical quan-
tities can be often obtained by means of some approximation schemes. The aim
of this exercise is to apply two of these approximations to a simple example of a
quantum mechanical system. In the following A is the usual Planck constant and
ho=

Consider the motion of a quantum particle of mass m on a real axis —oo < x <

+o0o with Hamiltonian given by

p2
H=-—+%k|z|, k>0
2m

1. Discuss the symmetry of the Hamiltonian, the nature of the spectrum (if con-
tinuous or discrete) and its degeneracy. Using dimensional analysis, construct
a quantity £ in terms of h, m and k which has the dimension of an energy

and which can be used as the scale for all the energy eigenvalues.

2. Using the uncertainty principle Ap Az > h, give an estimate of the ground

state energy Ej of the system and the size of the corresponding wave function.

3. Using the semi-classical quantization condition

%p(x)dx = 2 (n+%> h

find the (approximate) energy levels F,, of the system. In particular, calculate
Ey and compare with the result of point (3).



1 Spectrum of an half-harmonic oscillator

Consider an harmonic oscillator in one dimension:

2 2
p mw= o
=

om T 9 ©

and its eigenvalues, &,, and eigenfunctions, ¢, (x).

Suppose that a rigid wall [v(z) = 4ooforz < 0, v(z) = 0for z > 0] is then
inserted at the origin, and consider now eigenvalues and eigenfunctions of the resulting
asymmetric potential well.

i) What is the energy spectrum of this half-harmonic oscillator? Write the eigenfunc-
tion of its M-th excited state in terms of ¢, (x).

ii) Consider the expansion of this state in terms of eigenvectors of the original oscil-
lator, ¢"5" () = £, capn(x). Give the explicit expression for the expansion

coefficients, ¢,, on odd-numbered excited states of the original oscillator.
iii) From the expression for the energy of the eigenstate find a sum-rule that must be

satisfied by even-numbered coefficients.

Suppose that the system is prepared in the ground state of the half harmonic oscilla-
tor and that at a given moment the delta-function potential is removed instantaneously.

iv) Is the probability for the system to be found at a later time on the ground state
of the complete oscillator more or less than 25 % 7



OlatlstliCal vieCilanlCs propiein

A classical system can exist in IV states ¢ = 1,...., N with energies E, ....., Ey. Let K, ;
be the transition rate from state j to state ¢ and P;(¢) the probability to be in state i
at time ¢. If the time evolution is written in the form dP/dt = —HP

1. determine H in terms of K'’s.

2. Is probability conservation preserved by time evolution?
If Kij = K,

3. show that the eigenvalues of H can not be negative.

4. Is there always a zero eigenvalue and when is it unique?

If the system is in contact with a thermal bath at temperature 7" and detail balance is
satisfied

5. determine the similarity transformation which makes H symmetric.
6. Under which conditions P;(t) reaches its equilibrium value at large times?

7. Calculate the time evolution for a 2-state system with arbitrary initial conditions
and the time dependence of the average energy.



4 A two—component quantum mechanics prob-

lem

Consider the one-dimensional quantum problem with an Hamiltonian

1 hdW
== (2 2 14 e
S P+ WH@) 1+ 5o, (9)
where
01 0 —1 1 0
01 = ) 09 = , 03 =
1 0 1 0 0 —1
are Pauli matrices which satisfy [0}, 0,,] = 20 € 0n- As usual, p = —ih% with

f ()

commutation relation [f(z),p] = zhd—

dx . We assume that |WW(z)| — oo as |z| —
T

0.

1. Prove that the hermitian operators

1

Q1 = % (por+W(x)oz) ; Qo= 5 (poy —Wi(z)o1) = —iozQs

express a symmetry of the system, i.e. they commute with the Hamiltonian
Hint. Tt may be useful the following identity for the commutator:

[AB,CD] = AC[B, D] + A[B,C]D + C[A, D]B + [A,C]DB

2. Prove that the Hamiltonian can be expressed as H = %Q% or, equivalently, as

H =103

2

3. Show that the eigenvalues E, of the Hamiltonian (10) satisfy the condition
E, > 0 and that the exact ground state wave function (with £ = 0) can be

expressed as

ota) = oo ([ a3 ) vi0)

0
provided t(z) is normalizable. Discuss the conditions that W (z) and v(0)

have to satisfy in order that this happens.

4. Prove that for W (zx) given by = W(x) = gz*" (n =1,2,...) the ground state
energy FEj is instead strictly positive and that the symmetry generated by @4

and ()5 is spontaneously broken.



Problem 1

A classical harmonic oscillator of mass m and spring constant % is known to have a

total energy E, but its starting time is completely unknown.
1. Find the probability distribution density p(x), where p(z)dzx is the probability to
find the mass in the interval [z, z + dz).
2. Calculate p(x) in the ground state of the quantum case.

3. Compare and discuss cases 1 and 2.



rropiein <«

Consider a chain of N particles with spin 1/2 whose Hamiltonian is

N N
H=-K oo}, ~T) of (1)

=1 =1

where 0f (a= z, y, z) are the Pauli matrices and K and I' are non-negative constants.

1. For the case I' = 0 calculate the free energy per site, f,

f= _NLBIHTY e P (2)

the average energy and the specific heat.

2. For the case I # 0 estimate the ground state energy using a trial wave-function

0) = @i |m); (3)

1+m 1-m
Im); = (—— [+)i + — | =) im| <1, (4)

and |+); are the eigenstates of o7.

where

3. What is the physical meaning of the parameter m 7 What is the optimal choice

of the parameter m and how does it depend on K and I'?

4. Compare the two cases, 1 and 2.

Definition of Pauli matrices:



Problem C. Statistical Mechanics

Let us consider a quantum system of volume V' described by the Hamiltonian H.
Let e, (V) (m =0,1,...,00) be the energy spectrum. The system is put in contact

with a heat reservoir at temperature 7.

1. Prove that the expectation value of H, denoted by E(7,V'), is a monotonic

function of the temperature 7'.

2. Assume that the energy levels are homogeneous functions of the volume V'

according to the formula
em(AV) = Mepn(V) .

Show that E(T,V) satisfies a differential equation of the form

0 0

Determine a, b and c.



Problem 1

Consider a one-dimensional chain consisting of n >> 1 segments as illustrated
schematically in the figure.

Let the length of each segment be a when the long dimension of the segment is
parallel to the chain and zero when the segment is vertical (i.e. long dimension normal
to the chain direction). Each segment has just two states, a horizontal orientation and
a vertical orientation, and each of these states is not degenerate, The distance between
the chain ends is nx.

1. Find the entropy of the chain as a function of .

2. Obtain a relation between the temperature T' of the chain and the tension F'
which is necessary to apply to mantain the distance nz, assuming the joints turn
freely.

3. Under which conditions does your answer lead to Hook’s law?

=

nx

Figure 1: Schematic drawing of a possible chain configuration



Problem 2

Consider a non-relativistic gas of identical (classical) particles in a box. Let f(v) d®v
be the mean number of particles per unit volume with velocity whose components are
in the range (v,, v + dv,) with a = z,y, 2.

1. determine the number of particles with velocity in the range (vq, vo + dv,) with
a = x,v, z, striking a unit area in the box wall per unit time;
assume equilibrium conditions.

2. explain why f(7) = f(v) (where v =| 7 ]). Calculate the total number of particles
striking the unit area in the box walls, Jp (= flow). Express your result in terms
of the mean number of particle per unit volume, n, and mean particle velocity,
<v >

3. express the pressure, P, in terms of n, the mass of the particles, m, and < v? >;

4. if f is the Maxwellian distribution calculate P (point 3) in terms of n and the
temperature, T, and Jp (point 2) in terms of P, m and 7.



Problem 2. A ring with magnetic flux
Consider a one-dimensional ring of length L with coordinate z (0 < z <
L), and a magnetic field confined in a solenoid through its center, as shown

in figure. The vector potential A can be considered constant on the ring and
the magnetic flux inside the ring is ® = LA. For a single particle, setting

Solenoid

()

A

h =e = c =1, the Hamiltonian is simply:
1 .
H = %(—Z&c + A)2

and one should solve HY(x) = Ev(x) with the requirement that (x4 L) =
().

1. Show that the field A can be eliminated by considering the wavefunc-
tion:

P(a) = e AU (2)

2. What boundary conditions must be satisfied by the wavefunction ¥(x)?
Determine accordingly the spectrum of H for a generic flux ®.

3. Which values of the flux ® are consistent with a ground state with no
current flowing? [Recall that the current is j(x) = —(1/2m)y* (z)(—i0,+
A)(x) + c.c.]

4. Consider now two non-interacting electrons with opposite spins subject
to the same H. For which values of the flux ® do you have a ground
state with no current flowing?



Problem 1

Consider a collection of 2 large spheres and n “small” spheres. The centres of the spheres
can stay only on the vertices of a regular polygon of N sides, each of length a. The diameter
of each of the two (identical) large spheres is 1.8a while that of the (identical) small spheres
if a/2. The spheres are impenetrable therefore, due to excluded volume effects: (i) no two
spheres can occupy the same site (vertex); (ii) two large spheres cannot occupy neighbouring
sites; (iii) no small sphere can occupy a site adjacent to a large one.

. small sphere

‘ large sphere

Figure 1: Example of allowed configuration of two large spheres and n = 4 small spheres on a ring
of N =12 vertices.

Assume that the number of sites, N, is even and that N >>n >> 1.

1. Calculate the number of microstates of the system when the centres of the large spheres
are at separation 2a, 3a, 4a, ... N/2a. (The separation is the shortest distance along
the ring going either clockwise or counter-clockwise).

2. Assuming the equiprobability of the microstates, calculate the probability that the large
spheres are at separation 2a, 3a, 4a... . What is their most probable separation? What
is the least probable separation?

3. Discuss how the average separation of the large spheres depends on n at fixed N. How
would it be affected by temperature in the canonical ensemble? Explain and comment
your results.

4. Calculate the partition function of the system, Z, and estimate dIn Z/9n and 01ln Z /0N .
Discuss the physical significance of your results.



B.3. THREE-DIMENSIONAL HARMONIC OSCILLATOR

G IVEN a tridimensional harmonic oscillator, whose Hamiltonian is written
as

Lo 2l [at
H—§w [r +p ] =w [a -a+3/2]
1. Verify that the degeneration of the energy levels is higher than that

which is implied by the SU(3) rotational invariance.

2. Verify that the other conserved observables allow for the construction
of three further SU(2) algebras.

Hint: Remember that a two-dimensional harmonic oscillator admits an SU(2)
syminetry.

3. Write down some examples of perturbations that only partially re-
moves the degeneration of the levels.

4. Explain why, although the various SU(2)’s allow for the construction

of a complete algebra of SU(3), it is not possible to find among the eigenstates
of H bases for all the representations of SU(3).

14



B.4. STATISTICAL MECHANICS OF A SPIN CHAIN

ONSIDER a spin-chain, that is a one-dimensional lattice with a spin 5,
C placed at each site x = n (with n € Z). Each spin S,, takes two possible
values +1 and —1. The energy (Hamiltonian) of a configuration of spins is
given by a nearest neighborhood interaction plus a magnetic term

H=1JY (Sps1—Sa)>+h>_ Sn.

1. Consider a finite chain of N spins and assume periodic boundary
conditions Sy, = S;. Compute the corresponding partition function Zy for
all values of the temperature 7" and magnetic field h.

2. Compute the free energy F in the thermodynamical limit N — oo
(infinite chain).

3. Assume J > 0. For the infinite chain, find for which temperatures T'
there is a spontaneous magnetization at zero magnetic field h = 0.

Comment: By spontaneous magnetization we mean a spontaneous breaking

of the Zs symmetry of the h = 0 model signaled by a non—vanishing statistical
expectaction value (Sp)|p—o-

4. Let J < 0. Describe the thermal state of the infinite chain in the limit
h—0,T—0.

5.* In the infinite chain, compute the connected correlation function
(Sn Sm)™ = (Sn Sm) = (Sn) (Sm)-

6. Compute the correlation length &.

15
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Mathematical Physics Sector

Entrance examination 2002/2003 — October Session

The candidate is asked to solve at least one problem among the following.

1 Quantum Mechanics

A Harmonic oscillator in an electric field
Consider the one—dimensional quantum harmonic oscillator with Hamilto-
nian
P’ 2,2
H=_—+-mwx
2m 2

The particle has also a charge e. Switching on a constant electric field &£, the
Hamiltonian gets an additional potential term and becomes

P 1
H = %+§mw2x2—e&v (1.1)
1. Using the well-known expression of the energy spectrum of the har-

monic oscillator, determine the spectrum of the new Hamiltonian.

2. Prove that the two operators H' and H! (obtained by changing & —
—& in eq.(1.1) are unitarily equivalent in L£y(—00, 00).

3. Determine the value of £ such that the energy of the first excited state
| 1) of H" coincides with the energy of ground state | 1) of H. Which
observable permits to distinguish | ¢}) from | ¢)y)?



4 Statistical Mechanics

One-dimensional random walk
At discrete units of time (¢t =1, 2,3, ---), a particle moves along a one dimen-
sional lattice. Suppose it starts at the origin and that at each step it moves
either one lattice site to the right or to the left, each with probability 1/2.
For n > 1, let u, be the probability that the particle returns to the origin
at time ¢t = n and p,, the probability that the first return to the origin occurs
at t = n. For convenience we take po = 0 and uy = 1. Clearly p, = u,, =0
whenever n is odd.

1. Show that for n > 1, the two probabilities are related as

Up = Poly, + P1Un_1 + Polp_2 + -+ Dply (4.1)

2. Prove that

1 <2n):1-3:5---(.2.n—1) (4.2)

3. Show that the particle will sooner or later return to its initial position,
ie.
P2 +pstpst---=1

Hint. Introduce the generating functions

F(zx) = ipnx", Ux) = iunx"
n=0 n=0

and show that eq.(4.1) leads to the relation U(x) = 1 + F(z)U(z). Use
this relation and the us, given by eq.(4.2) to determine F(z). It is useful to
remind that

qglg—1) ,

—1)...(¢g—k+1
(1—|—x)q:1—|—qx—|—Tx _|_..._|_q(q ) k!(q + )xk—l—




Problem B. Classical Statistical Mechanics of a g-state Model

Let us consider an open one-dimensional lattice of NV sites, with a fluctuating vari-
able o; defined on each site 7. The possible values assumed by o; are o; = 1,2,...,¢q

and the Hamiltonian of the model is given by

N—1
H(o1,...,on)=J Y 6(0i,0541) ,
i=1
where .J is a real constant and
1 ifa=05b
d(a,b) =
0 ifa#b

1. Under which transformations is the Hamiltonian invariant? Describe the
ground state for J > 0 and for J < 0 and determine its degeneracy in the two

cases.

2. Let us put the model in contact with a heat reservoir at temperature =1
Compute the partition function Zy(3J,q) defined by
q q
Zn(pla) =Y .. Y edHlren)
o1=1 on=1
(Hint. Obtain a recursive equation Zy — Zy_; by using the mathematical

identity e®(@) =1 + (e® — 1)d(a, b)).

3. Since Zy(fJ, q) above computed is an analytic function of the variable ¢, the
model results to be also defined for continous values of ¢ and in particular in
the “unphysical” region ¢ < 1. Determine the occurrence of phase transitions

for J > 0 and J < 0 and the critical temperature 3, '(q) as a function of q.



Problem 1: Two coupled rotors

Counsider two planar rotors, characterized by a fixed radius r, and angle ¢; and ¢9, with

ih 0 \?
i=|— 1 =1,2
h (T 3¢i> !

1) Describe the energy spectrum and the eigenfunctions of each rotor, in the lack of interac-

Hamiltonian

tions.

2) Consider next a coupling between the two rotors, of the form
V = —Jcos (d1 — ¢2) J>0.

Taking now H = hy + he + V, discuss the effect of the coupling on the low-energy part of the

spectrum in the two opposite limits a) very small J; b) very large J.



Problem C. Stress-Energy Tensor of Quantum Field Theory between

two planes

Consider two infinite planes which are parallel and at distance a apart along the
z-axis. Suppose that a massless Quantum Field Theory is defined in the region
between the two planes. The boundary conditions are such that the stress-energy
tensor 7}, , has a vacuum expectation value ¢, , (¢, ) =< 0| T, ,(¢,Z) | 0 > different
from zero. By virtue of the symmetry of this time-independent problem, ¢, , must be

written in terms of g, , and tensors composed from the unit vector 2z, = (0,0,0, 1).

1. Write down the most general form of ¢, ,, based upon based the considerations

above.

2. Show that the conservation law 0*T),,(¢,Z) = 0 and the condition that the
trace of T),, vanishes (which expresses the massless nature of the Quantum
Field Theory) uniquely determine t,, up to a constant. Use dimensional
analysis to fix this constant up to a numerical factor in terms of a single

parameter of the problem that bears a dimension.

3. Using the form of ¢, , so obtained, compute the force per unit surface between

the two planes.



Problem 1: Electron in a two—dimensional box

Consider an electron moving in two dimensions inside a generally rectangular box of
potential V' (z,y) = 0 when both —a < x <aand —b<y <b
and V(z,y) = oo outside.

1. Assuming initially a square rigid box a = b = ay, calculate the eigenfunctions and
eigenvalues of the few lowest energy levels, specifying their respective symmetries

and degeneracies.

2. Calculate the force F' — due to the electron energy dependence upon the box size

ap — exerted on the box walls by the electron, when it is

(a) in the ground state

(b) in the first excited state
3. Assume now the box to be elastically deformable, with a deformation energy
k
U= 5[(& —ag)® + (b—ap)?]

for a general rectangular shape. Determine the nature and the (approximate)

magnitude of the box deformation from the initial state a = b = ay,

(i) when the electron is in the ground state

(ii) when the electron is in the first excited state.

[Hint: assume the box deformation to be very small]



rroblem z: lviotion or an electron in a narmonic trap
An electron is confined in an elipsoidal trap by the harmonic potential:

2
mw
V(J),y,Z) = TJ_('Z‘Q + y2) +

mwﬁ
2

22.

1. Determine the ground state energy of the electron and sketch its energy levels

(assume w; << wy).

2. Consider now turning on slowly a transverse electric field, AV = eEz, up to a

finite value, Ey, and calculate the ground state energy of the perturbed system.

3. How are the excitation energies of the system modified by the presence of the
electric field 7

4. The electron is in the new ground state when the electric field is suddenly switched
off. Compute the energy of the electron immediately after the electric field is

removed.

5. Compute the time evolution of the average electron position after the electric

field is removed.



Problem C. Reflection and Transmission Amplitudes

Consider a (1 + 1) free massive boson theory but with a point of defect of coupling g
at the origin. Its lagrangian density is given by

£ = 5 [(@ue) - mg - b)) . ()

The two—dimensional relativistic momenta may be expressed as pg = mcosh 3; p; =
msinh 4. As shown in the space-time diagram of Figure 1, the particle of the field
© propagates freely until it reaches the origin: here, the particle will be reflected and
transmitted with amplitudes R(5) and T'(/3) respectively. Let o (x,t) be the field values
for x > 0 and x < 0, respectively, i.e. p(z,t) = 0(z)py(x,t) +0(—z)p_(z,t), where §(z)

is the usual step—function.

1. Derive the boundary conditions for ¢ (z,t) at the origin by imposing the equation

of motion.

2. Using the free field expansion of ¢4 (z, 1),
o (:U,t) — /dﬂ [Ai (ﬂ)efim(tcoshﬁfwsinhﬂ) + AJ:ri: (ﬁ)eim(tcoshﬁfzsinhﬂ)

and considering the set of oscillators A.(f), impose the boundary conditions of
point (1) to derive the explicit expressions for the reflection and transmission am-

plitudes R(8) and T'(5).

(Hint. It may be convenient to assume A_(—f) = 0, see Figure 1)

Will the answer be the same by considering the other oscillators Al (3)?

A(B) =T(B) A(B) A(-B) =R(B) A(B)

1

A{(B) X

x=0

Figure 1.



Problem B. A Partition Function in Statistical Mechanics

Consider a quantum system whose energy spectrum (in appropriate unit) is given
by
E,=logn , n=1,2,3,... (1)

Once the system is in contact with a heat reservoir at temperature 371, its canonical

partition function is given by
Z(B) =) exp|-BE,] . (2)
n=1

1. Discuss the range of [ such that Z(() is well-defined and identify the finite

value (3. of 8 for which there is a singularity.

2. Show that for § — [., the mean value of the energy of the system behaves as

1
E) ~ 3
() ~ 5= ®)
3. Prove that, for those values of § for which Z(/3) is well-defined, it holds the
identity
1

29 =] (@)

3

k D),

where the above product is on all prime numbers py.

Hint Remember that for |z| <1, 1/(1—2z)=1+z+2*+23+--..

4. Show that the existence of (3. implies that there are infinitely many primes.



Problem 1

Consider a zipper (see Figure) consisting of N bonds whose rightmost edge is held in place
by an unspecified constraint. Due to thermal fluctuations the bonds can break starting from
the free left edge. As a consequence, if the nth bond (from the left edge) is broken it implies
that all bonds at the left are also broken (see figure). The breaking of a bond costs an energy
equal to A > 0.

N=18

LE&%‘SHJ L Intact J

bonds

Figure 1: Schematic drawing of a zipper made of N = 18 bonds, 7 of which are broken.

Assuming that the possible states of each bond are only two (intact or broken):

1. calculate the partition function for the zipper,

2. calculate the temperature dependence of the system internal energy at low temperature,

3. calculate the number of broken bonds at very high temperature,

4. does the system have a singular behaviour in the limit N — oo?

Next consider the case where each broken bond can be in g > 1 configurations, each with
the same energy A.

5. provide the partition function at low and high temperature,

6. calculate the number of broken bonds at low and high temperature,

7. does the system have a singular behaviour in the limit N — oco?



Problem 4. Eigenstates of one-dimensional
potentials

You certainly remember that the gaussian wavefunction ¢y (z) = Ce=*"/(27%)
is the ground state solution of the harmonic potential.

1. Consider now the wavefunction
() = Cew(5)" (1)

where ¢ is a quantity with dimension of a length, and n is a positive
integer. For what class of integers n is ¢y an acceptable wavefunction?
For each acceptable n, what is the corresponding potential V,,(z) for
which 1y is an eigenstate with energy eigenvalue Ey = 07 Plot the
resulting potential for n = 4.

2. Generalize the previous construction, i.e., find out the general form of
the potential V' (z) such that the following wavefunction

W(z)

¢0($) =Ce ™ , (2)

is an eigenfuction with energy eiegenvalue Ey = 0. (Here W (z) is an
arbitrary function, such that the resulting v is normalizable, and W} is
a constant with dimension of energy.) Can 1)y be an excited eigenstate?
If not, why?

3. Consider now states of the form:
¥(x) = P(a)e 5(5)", (3)

where P(z) is a polynomial of degree > 1 in z. Discuss why, on general
grounds, 1 cannot be the ground state of a regular potential. By
writing the Schrodinger equation explicitly, prove that ¢ is a candidate
excited state of the potential V,,(z) found in point 1) only for n = 2.



Problem. Quantum particle on a unit circle

Consider a free quantum particle of mass m which lies on a circle of radius R. Its

coordinate is ¢ with ¢ = ¢ + 27 R and its lagrangian is given by

,_m(dg)’
2 \ dt

1. Determine the energy eigenfunctions, the energy levels and their degeneracy.

2. Change the lagrangian according to

~m (dq 2 ~ dq
“5(@)—9@

Write the corresponding Hamiltonian and determine the new quantum energy
levels. Study their degeneracy as a function of the dimensionless parameter

0= éR/h in the interval 0 < 0 < 1.

3. Prove that the spectrum is invariant for § — 6 + k, where k is any integer

number.

4. Take 6 = 1/3 and suppose that at ¢ = 0 system is in the physical state
described by the wave function 1(q) = cos¢/R. Determine the minimal time

required to the system for coming back to the same physical state.



