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This is a collection of problems given in recent entrance exam-

inations in various SISSA Sectors, which may be relevant for the

Statistical Physics Curriculum.
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October 2003 – Entrance Examination:
Statistical and Biological Physics

Solve one of the following problems (no extra credit is given for attempts to solve more
than one problem). Write out solutions clearly and concisely. State each approximation
used. Diagrams welcome. Number page, problem, and question clearly. Do not write
your name on the problem sheet, but use extra envelope.

Problem 1

Consider a one-dimensional chain consisting of n >> 1 segments as illustrated
schematically in the figure.

Let the length of each segment be a when the long dimension of the segment is
parallel to the chain and zero when the segment is vertical (i.e. long dimension normal
to the chain direction). Each segment has just two states, a horizontal orientation and
a vertical orientation, and each of these states is not degenerate, The distance between
the chain ends is nx.

1. Find the entropy of the chain as a function of x.

2. Obtain a relation between the temperature T of the chain and the tension F
which is necessary to apply to mantain the distance nx, assuming the joints turn
freely.

3. Under which conditions does your answer lead to Hook’s law?

nx
Figure 1: Schematic drawing of a possible chain configuration
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Problem 2

Consider a non-relativistic gas of identical (classical) particles in a box. Let f(!v) d3v
be the mean number of particles per unit volume with velocity whose components are
in the range (vα, vα + dvα) with α = x, y, z.

1. determine the number of particles with velocity in the range (vα, vα + dvα) with
α = x, y, z, striking a unit area in the box wall per unit time;
assume equilibrium conditions.

2. explain why f(!v) = f̂(v) ( where v =| !v |). Calculate the total number of particles
striking the unit area in the box walls, JT (= flow). Express your result in terms
of the mean number of particle per unit volume, n, and mean particle velocity,
< v >;

3. express the pressure, P , in terms of n, the mass of the particles, m, and < v2 >;

4. if f is the Maxwellian distribution calculate P (point 3) in terms of n and the
temperature, T , and JT (point 2) in terms of P , m and T .

Problem 3

Address the following issues:

• What is the hydrophobic effect in proteins?

• Describe the structural and energetical properties of α helices

• Electrostatics interactions in proteins.
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Problem 2. A ring with magnetic flux

Consider a one-dimensional ring of length L with coordinate x (0 ≤ x ≤

L), and a magnetic field confined in a solenoid through its center, as shown
in figure. The vector potential A can be considered constant on the ring and
the magnetic flux inside the ring is Φ = LA. For a single particle, setting

x

A

Solenoid

h̄ = e = c = 1, the Hamiltonian is simply:

H =
1

2m
(−i∂x +A)2

and one should solve Hψ(x) = Eψ(x) with the requirement that ψ(x+L) =
ψ(x).

1. Show that the field A can be eliminated by considering the wavefunc-
tion:

ψ(x) = e−iAxΨ(x)

2. What boundary conditions must be satisfied by the wavefunction Ψ(x)?
Determine accordingly the spectrum of H for a generic flux Φ.

3. Which values of the flux Φ are consistent with a ground state with no
current flowing? [Recall that the current is j(x) = −(1/2m)ψ∗(x)(−i∂x+
A)ψ(x) + c.c.]

4. Consider now two non-interacting electrons with opposite spins subject
to the same H. For which values of the flux Φ do you have a ground
state with no current flowing?
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small sphere

large sphere N=12
n=4
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Problem B. A Partition Function in Statistical Mechanics

Consider a quantum system whose energy spectrum (in appropriate unit) is given

by

En = log n , n = 1, 2, 3, . . . (1)

Once the system is in contact with a heat reservoir at temperature β−1, its canonical

partition function is given by

Z(β) =
∞∑

n=1

exp [−βEn] . (2)

1. Discuss the range of β such that Z(β) is well–defined and identify the finite

value βc of β for which there is a singularity.

2. Show that for β → βc, the mean value of the energy of the system behaves as

〈E〉 ∼
1

β − βc

(3)

3. Prove that, for those values of β for which Z(β) is well–defined, it holds the

identity

Z(β) =
∏

k

1

1 − 1

p
β

k

(4)

where the above product is on all prime numbers pk.

Hint Remember that for |x| < 1 , 1/(1 − x) = 1 + x + x2 + x3 + · · ·.

4. Show that the existence of βc implies that there are infinitely many primes.
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October 2004 – Entrance Examination:
Statistical and Biological Physics

Solve one of the following problems (no extra credit is given for attempts to solve more than
one problem). Write out solutions clearly and concisely. State each approximation used.
Diagrams welcome. Number page, problem, and question clearly. Do not write your name
on the problem sheet, but use extra envelope.

Problem 1

Consider a zipper (see Figure) consisting of N bonds whose rightmost edge is held in place
by an unspecified constraint. Due to thermal fluctuations the bonds can break starting from
the free left edge. As a consequence, if the nth bond (from the left edge) is broken it implies
that all bonds at the left are also broken (see figure). The breaking of a bond costs an energy
equal to ∆ > 0.

Broken
bonds Intact

bonds

N=18

Figure 1: Schematic drawing of a zipper made of N = 18 bonds, 7 of which are broken.

Assuming that the possible states of each bond are only two (intact or broken):

1. calculate the partition function for the zipper,

2. calculate the temperature dependence of the system internal energy at low temperature,

3. calculate the number of broken bonds at very high temperature,

4. does the system have a singular behaviour in the limit N → ∞?

Next consider the case where each broken bond can be in g > 1 configurations, each with
the same energy ∆.

5. provide the partition function at low and high temperature,

6. calculate the number of broken bonds at low and high temperature,

7. does the system have a singular behaviour in the limit N → ∞?
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Problem 4. Eigenstates of one-dimensional
potentials

You certainly remember that the gaussian wavefunction ψ0(x) = Ce−x2/(2σ2)

is the ground state solution of the harmonic potential.

1. Consider now the wavefunction

ψ0(x) = Ce−
1
n
( x

σ
)

n

, (1)

where σ is a quantity with dimension of a length, and n is a positive
integer. For what class of integers n is ψ0 an acceptable wavefunction?
For each acceptable n, what is the corresponding potential Vn(x) for
which ψ0 is an eigenstate with energy eigenvalue E0 = 0? Plot the
resulting potential for n = 4.

2. Generalize the previous construction, i.e., find out the general form of
the potential V (x) such that the following wavefunction

ψ0(x) = Ce
−

W (x)
W0 , (2)

is an eigenfuction with energy eiegenvalue E0 = 0. (Here W (x) is an
arbitrary function, such that the resulting ψ0 is normalizable, and W0 is
a constant with dimension of energy.) Can ψ0 be an excited eigenstate?
If not, why?

3. Consider now states of the form:

ψ(x) = P (x)e−
1
n
( x

σ
)

n

, (3)

where P (x) is a polynomial of degree ≥ 1 in x. Discuss why, on general
grounds, ψ cannot be the ground state of a regular potential. By
writing the Schrödinger equation explicitly, prove that ψ is a candidate
excited state of the potential Vn(x) found in point 1) only for n = 2.
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Problem. Quantum particle on a unit circle

Consider a free quantum particle of mass m which lies on a circle of radius R. Its

coordinate is q with q ≡ q + 2πR and its lagrangian is given by

L =
m

2

(

dq

dt

)

2

1. Determine the energy eigenfunctions, the energy levels and their degeneracy.

2. Change the lagrangian according to

L =
m

2

(

dq

dt

)

2

− θ̂
dq

dt

Write the corresponding Hamiltonian and determine the new quantum energy

levels. Study their degeneracy as a function of the dimensionless parameter

θ = θ̂R/h̄ in the interval 0 ≤ θ ≤ 1.

3. Prove that the spectrum is invariant for θ → θ ± k, where k is any integer

number.

4. Take θ = 1/3 and suppose that at t = 0 system is in the physical state

described by the wave function ψ(q) = cos q/R. Determine the minimal time

required to the system for coming back to the same physical state.
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