Fall 2007 - Entrance Examination: Statistical Physics
Solve one of the following problems (one well-solved problem is preferable to many par-
tially addressed ones).

Write out solutions clearly and concisely. State each approximation used. Diagrams
welcome. Number page, problem, and question clearly.

Do not write your name on any problem sheet, but use the extra envelope.




Problem 1. Elastic properties of a Gaussian chain

Consider a one-dimensional Gaussian chain constituted by N beads connected by
harmonic springs of elastic constant k. The Hamiltonian of the system is:
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where x; denotes the position of the i¢th bead.

Assume that the system is in thermal equilibrium at temperature T'. Moreover, invoking
the translation invariance of the Hamiltonian, disregard in the solution of the exercise
the degree of freedom associated to the center of mass of the chain. Indicating with
Ree = zn — 21 the end-to-end distance of the chain:

1. Calculate the canonical expectation values: (Re.) and (RZ.).

2. Consider now the application of a tensile force, f, at the ends of the chain:
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Calculate how the system free energy F' varies as a function of f (at fixed temper-
ature).

3. Calculate the canonical expectation value of the end to end distance and its square
fluctuation, (Ree) and 62Ree = (R2,) — (Ree)?, as a function of f.

4. Setting f = 0 write the partition function, Z(R..), restricted to the configurations
with a specific value of Re.. Calculate the associated free energy profile, F(Re¢)
and derive the average force that is necessary to apply to mantain the end-to-end
separation equal to a preassigned value, Ree.

Useful formulas:
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Problem 2. Spins with Competing Couplings

Consider the Hamiltonian of a 1D Ising spin chain with free boundary conditions and
total number of sites equal to N, and with two competing interactions

H=-J Z SiSip1 + Jo Z SiSit2, (1)

where J; and Jy are both positive quantities. 5; takes values S; = £1. Let us define
X = JQ/Jl.

1. Discuss qualitatively the ground-state configuration for y < 1 and x > 1.

2. Let us call ordered the configuration where all spins are alligned and domain wall the
configuration in which all the spins after a given site are flipped. Show that, for y
smaller than a critical value x., the ordered configuration has lower energy than the
domain wall; determine the value of x. where the two configurations are degenerate.

3. At x = X, the ground-state is highly degenerate (explain why). Let ay be the
number of degenerate ground-states of a chain of length N, with

ay = by +cnN (2)

where by and cy are the number of ground-state configurations in which the last
two spins are parallel or antiparallel, respectively. By using eq. (2) and the above
definitions of by and cp, derive a recursion relation for ay and compute the entropy
per spin in the limit N — oo.

Hint: once the recursive equation is obtained, set ay ~ ¢~ to solve it.

4. By using the identity S? = 1, show that the Hamiltonian (1) is equivalent to an
antiferromagnetic Ising chain in a magnetic field.



Problem 3. Field Theory

Consider the theory of a scalar field defined by the Lagrangian density

L= 5(0u0)(@"¢) ~ V(¢)

in a (141)-dimensional Minkowski space-time, with z° as time and ' = 2 as space
coordinates.

1. Show that the static solutions of the equation of motion satisfy the equation
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(Hint: observe the formal analogy of the static equation of motion with the motion
of a non-relativistic particle of unit mass for which ¢ denotes the coordinate and x
the time).

2. Consider the case in which the potential V' coincides with
Vo = Ay® —5)°
(X and g are positive constants). Determine the static solution g,k (2) satisfying
Prink(£00) = £00 5 Plin(F00) =0
where ¢’ = dp/dz.

3. (a) Recalling that the energy-momentum tensor is given by

17(@) = (0¢) (530 ) ~ 9"

determine the value of = for which the energy density 7%°(x) of the configuration
Yrink takes its maximum value and also compute the total energy of the configu-
ration @ik (b) Show that the topological current J# = 9, (e is the unit
antisymmetric tensor) is conserved and determine the topological charge @ of Ygink.

4. Consider now the perturbed potential V = Vj + hep.

(a) Do exist configurations of the unperturbed system with topological charge @ # 0
that have finite energy when h # 07 (b) Discuss the expectation value () in the
two cases h = 0 and h # 0.

. . de oo dxr 2
Useful integrals: 1 = Arcthz, I =3



Problem 4. A simple model for the equilibrium of a gas

Consider a gas of N particles and let them be divided in two containers A and B of equal

volume. At each time t one particle is chosen at random and moved from its container to

the other one. This process is repeated for an indefinite number of time steps t = 0,1, .. ..
Let X (t) be the number of particles in container A at time step ¢.

1. Write down the transition probabilities
piy = Prob{X(t + 1) = jX(t) = i}

(this is the probability to find j particles in A at time ¢ + 1 given that there were i
in A at time t). Using these, write down the equation for the evolution of

1ux(t) = Prob{ X (t) = k}.

2. Consider the possible processes from a state with X (¢9) = ko particles in box A and
X (t1) = ki particles in box A at a later time ¢;. Argue that the probability pux(t)
of any state k for ¢ — oo is strictly positive (i.e. that the process is ergodic).

3. Using the fact that this process is reversible, find the stationary state distribution
pi = lim pu(t)
t—o0

and compute the fluctuations ((Na — Np)?) of the difference in the number of
particles inthe two boxes.

(Hint: A process is reversible if it satisfies detailed balance, i.e. if the stationary
state distribution satisfies the detailed balance condition uzpy ; = u;pj7k.)

4. Consider now the action of a daemon, similar to Maxwell’s one. This modifies the
process described above in the following way: When particles are selected to move
from A to B the daemon impedes the transition with probability A. The daemon
has no effect on particles moving from B to A. In other words,

A 0 A A 0 .
P = (L= NP 1, Dos = Moh 1, Do) =py) for j#kk—1

where p,(cog are the original transition probabilities (i.e. for A = 0) computed in point
1) above.

— Compute the modified stationary state distribution puj ,, the average num-

ber Ny = (k) of particles in container A and its standard deviation o, =
(k= (k))*.

— Note that, with A = 0, the model describes an ideal gas of non-interacting
particles, distributed in two boxes of equal volumes (V4 = Vp = V/2), in
mechanical (P, = Pg = P) and thermal (T4 = Tp = T) equilibrium. This
equilibrium is perturbed by the daemon when A > 0.

Compute the work done by the daemon when i) the volume V4 = V/2 is kept
constant in box A and the pressure Pg = P is kept constant in box B. i) The
pressure P4 = Pg = P is kept constant in both boxes A and B.



Problem 5. A quantum particle in a 2d harmonic potential

Consider the quantum problem of an electron confined in two dimensions (XY-plane)
and subject to a harmonic potential:
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1. Write down the eigenvalue spectrum of Hy, specifying the degeneracy of each level.

Is Hy a complete set of observables for this problem? What other operators, com-

muting with Hy, can be chosen to uniquely specify the states of the system?

2. Consider now adding to Hy a term proportional to the angular momentum AL, =
XP, - YP,:
H=Hy—-hQL, . (2)

Write down the expression of both Hy and L, in terms of the bosonic operators
a; = (v +ipy)/V2 and a, = (y + ip,)/v/2, where (py,p,) = (I/h)(Py, P,) and
(z,y) = (X,Y)/l are dimensionless variables expressed in terms of the oscillator

length [ = \/h/(mw). What are the correct linear combinations of a, and a, that

diagonalize both Hy and L.? [Hint: Try to write L, as L, = (aLaJr — aT_a_>

where ay are the required linear combinations.] What is the spectrum of H? Give
an interpretation of the operators a.

3. Show that a Hamiltonian of the form (2) is obtained by considering an electron in
presence of a magnetic field directed along the Z-axis (neglecting spin):
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where A = (B/2)(Y,—X,0) is the vector potential in the symmetric gauge, R =
(X,Y) and P = (P,, P,). Discuss what relationship w and Q in Egs. (1-2) have
with wg and the magnetic field B in Hp.

4. Show what happens to the degeneracy of the ground state of Hg in the limit in
which B — oo (or wg — 0). Construct the wavefunctions of the ground state in
such a limit. [Hint: Use the fact that angular momentum quanta are created by
al = 2/2 — 0/0z*, where z = = + iy and 0/0z* = (0/0x + i0/Jy)/2, upon acting
on the ground state, expressed in terms of z and z*.]



