Fall 2013 - Entrance examination: Statistical Physics

Solve one of the following problems (one well-solved probles preferable to
many partially addressed ones).

Write down the solution clearly and concisely. State eagtr@pmation used.
Diagrams and plots are welcome. Number pages, problemsusastigns clearly.

Important notice:
Do not write your name on any problem sheet, but use the extra gpeglo







Problem 1. Spin-spin correlations

Consider a spin model of equilibrium statistical mechamcdimensiond > 2
which undergoes a second-order phase transition at aattiéimperaturd.. Sup-
pose that its continuum limit foF > T; is described by the Euclidean field theory
with action
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where x = (x1,...,Xq) denotes a point ird-dimensional Euclidean space, the
scalar fieldgp(x) is the spin field, and? is proportional to T — T¢).

1. Determine (up to a normalization constant) the correfafiinctionG(x) =
{(p(x)p(0)), knowing that the differential equation
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hasu(z) = Z‘H%KH% (cz) as the solution which decreases exponentially as
(cz) — +o0, whereK (x) is the modified Bessel function.

2. Determine (up to a normalization consta@®)x) at T = T.. Specify the
result for the particular case= 2.

From now on consider > T.
3. Determine the correlation length
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where|x| is the distance ok from the origin. Determine also the second-
moment correlation length
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4. Relate the following quantity
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to the correlation functioB(x). (In doing so, set (¢?(y)) = 0).

Useful formulae:

(A) dzz“KV(az):2“_1a_“‘1r(1+g+v)r(l+g_V) for H4+1+v>0,
0

(B) M(x+1)=xI(x) with (1)=1.

a> o0,



Problem 2. Interacting Heisenberg spins
Consider three quantum spiss- 1/2 interacting with Heisenberg exchange:

H[S1, %2, 3] = J1281 - 2 + 1351 - 3+ J23%2 - S3, (1)
where the sping = (qx,qy,qz) are located at some positions 1, 2, 3 in space.

1. Assumelip = Jiz3=Jx3=J.
Which is the ground state dfl, its energy and degeneracy? Consider
both positive and negative values bf Discuss the various symmetries of
H[S1,%,35] (in spin and real space) and how they manifest themselves on
the spectrum.

2. Now consideds = J13=J # Jos.
(a) Discuss again the symmetries-0f Do you expect some of the previous
degeneracies to be lifted (just by reasoning, without dat@n); why?
(b) Show thatiH,3; - 53] = 0 and provide a physical interpretation of this
fact.
(c) Without explicit calculation, use the symmetries to fthe eigenstates
of H. Then evaluate their energies and determine the spectrum.

Consider the most general cake # Ji3 # Jo3 # J12.

3. Is the spectrum afl still degenerate? Why? Determine the spectrum and
the corresponding eigenstates.

4. Add an Ising interaction tbl:
H—>H/:H+ZKijS|ZS]z. (2)
]
Does this lift the remaining ground-state degeneracy? tf which term

would you add in order to lift this degeneracy completely?dAkis term
and show within perturbation theory that the degeneraaydeed lifted.



Problem 3. Phase transition in a classical gas

Consider a gas of particles which can occupy heites of a one-dimensional
lattice. Letn; (i = 1,...,N) be the number of particles at siteand consider the
casen; € {0,1} in which at most one particle can be on each site.

The energyE[fi| of a certain configuratiori= (ny,...,nN) is given by

E[f] = max{i : n = 1}. (1)

(Use the convention th&[r] = O if n; = 0 at all sites.) In words, if you draw the
lattice in the vertical direction, with site= 1 at the bottom and site= N at the
top, the energy equals the index of the topmost occupied site

1. Calculate the partition function
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[Hint: characterize and calculate the number of configarstiwithE[r] = k and
sumovek =0,...,N.]

2. Discuss, for finitéN, the highT and low-T cases o¥ and of the associated
free energy per sitd = —(TInZ)/N. Consider the thermodynamic limit
of f, and show that there is a phase transitioi at 1/log2. Discuss the
properties of this phase transition (is it 1st or 2nd orde®jhich other
commonly discussed statistical system would you pardltel?

3. The system discussed above can be considered as a gas@épan the
grand canonical ensemble at chemical potential 0. Calculate the parti-
tion function atu # 0.

4. Discuss the behavior of the phase transition as a funofipn What hap-
pens to the critical temperatufewhen you varyu away from zero? Would
the phase transition occur in a gas with fixed dengity N~1 5, n;?



Problem 4. Density fluctuations of Fermions

Consider a (non-relativistic) gas of non-interacting FHerms of masam, in the
grand canonical ensemble at temperaflréwith 8 = 1/(kgT)) and chemical
potentialu. The numbemy of particles contained in a large cubic voluiie
fluctuates and so does the corresponding spatial demshgre we would like to
investigate its probability density(p) 0 exp{—(V /£3)I (p£3)} for largeV, where
¢ = [2m/(BR?)]V/? is the thermal wavelength.

1. Assume first that only one single-particle energy levé$ available for
the particles within the volum¥: determine the probability distribution
functionP(n) of the (random) occupation numheof this level and express
it in terms of A = e BE+BH,

2. Indicate byey the actual single-particle energy levels of the gas withan t
volumeV and byng the corresponding occupation numbers. Which is a
convenient choice for the quantum numbk?sWrite down the expression
of the probability distribution functio({ny}) of the occupation numbers
{nc}x. Calculate themoment generating function (e~SW) of the (random)
total numbeMy of particles contained i, with s€ R.

3. The limitV — o can be conveniently studied by introducing the function
Y(s) from e V¥ = (e=SW)  Interpret the values af(0) andy/ (0). Write
down the expression afi(s) for V — c. For u = 0 determine the leading
asymptotic behaviors ap(s) and provide a sketch af(s).

[Hint: you are notrequired to calculatey explicitly.]

4. Establish a relation betweeyip) and (s) and note that fov — o the
saddle-point method can be used in order to deterrhire= p/3). On
the basis of the sketch afi(s), draw the expected dependencd ©f) on
X, highlight its qualitative features, and determine theavédr of | (x) for
x> 1.

[Hint: 1(0) = @(+)]



