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Summary

• Nonequilibrium dynamics in isolated many-body systems 

• Relevance of  inhomogeneities 

• From exact time evolution to hydrodynamic descriptions 

• Generalised hydrodynamics in interacting integrable systems
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Ψ(t)⟩ = e−iĤt Ψ(0)⟩ ( ̂ρ = Ψ⟩ ⟨Ψ )

̂ρ(t) = e−iĤt ̂ρ(0)eiĤt
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observable in A
𝒪̂ = 𝒪̂A ⊗ ̂IB

local relaxation is possible!

i∂t ̂ρA(t) = [ĤA, ̂ρA(t)] + …

Ĥ = ĤA ⊗ ̂IB + ̂IA ⊗ ĤB + ĤAB
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CANONICAL PERSPECTIVE

macro-state represented by the least “informative” stationary state 

δ[−tr[ ̂ρ log ̂ρ] − ∑̂
Q

λQ̂tr[ ̂ρQ̂]] = 0

(quasi)local integrals of  motionentropy

̂ρMS =
e−Q̂

Z
[Ĥ, Q̂] = 0

Generic systems:           , thermalization 

Integrable systems: relaxation to a generalized Gibbs ensemble

Q̂ ∝ Ĥ
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Relevance of inhomogeneities
arXiv:1508.04401 (Aug 2015)

Control of global properties in a closed many-body quantum system
by means of a local switch

Maurizio Fagotti
Département de Physique, École Normale Supérieure/PSL Research University, CNRS, 24 rue Lhomond, 75005 Paris, France

We consider non-equilibrium time evolution after a quench of a global Hamiltonian parameter in
systems described by Hamiltonians with local interactions. Within this background, we propose a
protocol that allows to change global properties of the state by flipping a switch that modifies a local
term of the Hamiltonian (creating a defect). A light-cone that separates two globally di↵erent regions
originates from the switch. The expectation values of macroscopic observables, that is to say local
observables that are spatially averaged within a subsystem, slowly approach new asymptotic values
determined by the defect. The process is almost reversible: flipping again the switch produces a
new light-cone with the two regions inverted. Finally, we test the protocol under repeated projective
measurements. As explicit example we study the dynamics in a simple exactly solvable model but
analogues descriptions apply also to generic models.

In quantum mechanics the issue of locality/causality is
very delicate and gave rise to brilliant debates extending
over a century of quantum physics1. However in some
contexts causality does emerge clearly. A shining exam-
ple is given by the Lieb-Robinson bound2, which states
the existence of a maximal velocity at which information
propagates in many-body systems with su�ciently fast
decaying interactions. The typical manifestation is the
emergence of light-cones in the time evolution of local
observables3. Importantly, over the time some hypothe-
ses behind the original proof have been made milder4 and
light-cones have been observed also in situations where, a
priori, a similar behavior would have not been expected5.

This kind of locality in quantum mechanics is solidly at
the base of the descriptions of subsystems at late time af-
ter global quenches in many-body quantum systems. The
current understanding is that nonlocal conserved quanti-
ties do not a↵ect the late time (stationary) expectation
values (EVs) of local observables after a global Hamilto-
nian parameter is changed: the e↵ective ensembles de-
scribing the late time physics can be obtained by maxi-
mizing the entropy under the constraints of the local and
quasilocal conservation laws6 (in quantum field theories
the construction is more delicate7). This picture has the
remarkable consequence that globally di↵erent ensembles
describe the stationary properties of local observables
evolving with Hamiltonians that look very similar to each
other. A small integrability breaking perturbation is in-
deed su�cient to reduce the infinite set of (quasi)local
charges of the integrable model to a finite set, which in
the most generic situation consists of just the Hamilto-
nian. The EVs of local observables experience in turn
a crossover10–13 from a quasi-stationary behavior, which
can be captured by a generalized Gibbs ensemble8, to the
actual stationary value, describable instead by a Gibbs
ensemble9. These are usually known as prethermaliza-
tion13–19 or pre-relaxation10,11 behaviors. We stress that
this picture applies also to the case where the unper-
turbed model is generic but there is at least a local charge
besides the Hamiltonian.

It is well known that also local perturbations can break

global symmetries of a generic model or even integrabil-
ity (in fact, a standard problem is to identify the local
perturbations that preserve integrability20).
A (quasi)local conservation law of the unperturbed

model (which can be either integrable or generic) can
react to a local defect in two principal ways: (i) it main-
tains its bulk part unchanged, (ii) it becomes extinct.
The first aim of this paper is to point out that the

extinction of local charges results in a crossover between
globally di↵erent states. Assuming local relaxation, this
can be deduced from the time evolution of the EV of a
charge Q̃ that becomes extinct. It turns out that the time
derivative of the EV of Q̃ can not be recast as a commu-
tator between the Hamiltonian and some localized oper-
ator. Thus, generally the EV of the commutator remains
nonzero also at late times and, in turn, the EV of Q̃

displays a typical linear behavior. One can then exhibit
observables (essentially, the current associated with Q̃)
with di↵erent EVs inside and outside a light-cone, even
far away from the defect (see Sec. I): the light-cone sep-
arates regions with globally di↵erent properties.
We use this feature to engineer a local switch that al-

lows one to change the state globally in an almost re-
versible way. The protocol is the following:

1. The system is prepared in the ground state | 0i of
a translation invariant Hamiltonian H0.

2. At time ⌧0 a global parameter is changed and the
state evolves with a new Hamiltonian Ho↵ (global
quench). Let us call V a local perturbation that
spoils a set of local conservation laws. A switch s is
designed to turn V on (s = ON) or o↵ (s = OFF).

3. After a su�ciently long time T1 = ⌧1�⌧0 the switch
is flipped (local quench Ho↵ ! Hon).

4. At a later time ⌧2 the switch is flipped again (local
quench Hon ! Ho↵), and so on.

We point out that similar dynamics were already consid-
ered e.g. in Ref.21.
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Determination of the Nonequilibrium Steady State Emerging from a Defect

Bruno Bertini1 and Maurizio Fagotti2
1SISSA and INFN, via Bonomea 265, 34136 Trieste, Italy

2Département de Physique, École Normale Supérieure / PSL Research University,
CNRS, 24 rue Lhomond, 75005 Paris, France

(Received 26 April 2016; published 22 September 2016)

We consider the nonequilibrium time evolution of a translationally invariant state under a Hamiltonian
with a localized defect. We discern the situations where a light cone spreads out from the defect and
separates the system into regions with macroscopically different properties. We identify the light cone and
propose a procedure to obtain a (quasi)stationary state describing the late time dynamics of local
observables. As an explicit example, we study the time evolution generated by the Hamiltonian of the
transverse-field Ising chain with a local defect that cuts the interaction between two sites (a quench of the
boundary conditions alongside a global quench). We solve the dynamics exactly and show that the late time
properties can be obtained with the general method proposed.

DOI: 10.1103/PhysRevLett.117.130402

In an out-of-equilibrium many-body quantum system,
some observables can relax even if the system is isolated.
The last decade has brought fresh insights into this
counterintuitive phenomenon, already addressed almost
one hundred years ago by J. von Neumann [1]. This
renewed interest started with a series of ground breaking
experiments [2,3]. Arguably, the most inspiring of these has
been the quantum Newton’s cradle [2], which motivated
copious theoretical research on the role of dimensionality
and conservation laws out of equilibrium [4–7]. The
theoretical picture that emerged is that in translationally
invariant systems the expectation value of any local
observable approaches a stationary value. This can be
computed in the effective stationary state with maximum
entropy under the constraints of the relevant integrals of
motion. Since integrable models have infinitely many local
conservation laws, which do affect the dynamics of local
observables, the stationary state emerging in those systems
is very different from standard statistical ensembles. It was
called the generalized Gibbs ensemble (GGE) [8] and is
characterized by the expectation values of local and
quasilocal conservation laws [4,6,9].
In practice, the set of the local charges is very sensitive to

global perturbations and real systems are never exactly
integrable. Thus, in actual experiments relaxation to a GGE
is only a property of (possibly very long) intermediate
times, which precede the onset of thermalization [10]. The
study of integrability breaking perturbations led to new
theoretical concepts, such as prethermalization [11,12] and
prerelaxation [12], which have been observed in experi-
ments [13,14]. These regimes occur at time scales such that
the fastest degrees of freedom have already relaxed, but the
approximate integrability of the model still plays a key role.
When translational invariance is broken, other forms of

stationary behavior appear. The typical example is the

evolution of inhomogeneous states obtained joining
together two chains at different temperatures [15–19] or
with different magnetizations [20], or any other different
global property [21]. Around the junction of the two chains
a nonequilibrium steady state (NESS) [22,23] emerges.
Importantly, a NESS can be produced simply by a

Hamiltonian defect d̂ localized around a given position x0,
even if the initial state is homogeneous [24]. The mechanism
for this is basedon the fact that the set of the local conservation
laws is also very sensitive to localized perturbations. Some
charges Qj are simply deformed by the defect; i.e., there are
bounded operators δQj localized around x0 such that

½H0; Qj" ¼ 0; ½H1; Qj þ δQj" ¼ 0; ð1Þ

whereH0 is the Hamiltonian of the “clean”model andH1 ¼
H0 þ d̂ is the Hamiltonian with the defect. In general,
however, there are also charges ~Qj of H0 for which such
bounded operators do not exist; i.e., they cannot be deformed
into conserved operators forH1.Wequalify themas “extinct.”
In contrast to the charges that are deformed, the extinct
charges have the peculiarity that the expectationvalue of their
commutatorwith the defect can remain nonzero for arbitrarily
large time

A ~Q ¼ lim
t→∞

tr½ρti½ ~Q; d̂"" ≠0; ð2Þ

where ρt is the time evolving state. This is sufficient to ensure
that the limit of infinite time does not commute with the limit
of infinite distance from the defect [24]: a light cone spreads
out from x0 separating the system into regions with macro-
scopically different properties.
We note that some charges of H1 can also result from the

merging of two distinct charges of the clean model, in the
sense that their densities in the bulk are different on the two
sides of the defect. For the sake of simplicity we consider
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• observation of  the relevance of  
inhomogeneities at late times after 
a quantum quench 

• physical explanation

• determination of  the macro-state 
• main (rough) ideas at the base of  

generalised hydrodynamics  
in interacting integrable systems 
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Abstract
We review the structure of the conservation laws in noninteracting spin chains 
and unveil a formal expression for the corresponding currents. We briefly 
discuss how interactions affect the picture. In the second part, we explore 
the effects of a localized defect. We show that the emergence of spontaneous 
currents near the defect undermines any description of the late-time dynamics 
by means of a stationary state in a finite chain. In particular, the diagonal 
ensemble does not work. Finally, we provide numerical evidence that simple 
generic localized defects are not sufficient to induce thermalization.

Keywords: quantum quenches, conservation laws, non-equilibrium 
dynamics, diagonal ensemble, thermalization, spin-chain models,  
localized defects

(Some figures may appear in colour only in the online journal)

1. Introduction

Local and quasi-local conservation laws and associated currents play a key role in the 
description of the late-time dynamics after quantum quenches. If both the initial state and the 
Hamiltonian are homogeneous, the stationary properties of local observables can be generally 
described by the stationary state with maximal entropy under the constraints of the (quasi-)
local integrals of motion [1, 2]. Focusing on integrable models, this picture results in the emer-
gence of so-called generalized Gibbs ensembles (GGE) [3].
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Control of global properties in a closed many-body quantum system
by means of a local switch

Maurizio Fagotti
Département de Physique, École Normale Supérieure/PSL Research University, CNRS, 24 rue Lhomond, 75005 Paris, France

We consider non-equilibrium time evolution after a quench of a global Hamiltonian parameter in
systems described by Hamiltonians with local interactions. Within this background, we propose a
protocol that allows to change global properties of the state by flipping a switch that modifies a local
term of the Hamiltonian (creating a defect). A light-cone that separates two globally di↵erent regions
originates from the switch. The expectation values of macroscopic observables, that is to say local
observables that are spatially averaged within a subsystem, slowly approach new asymptotic values
determined by the defect. The process is almost reversible: flipping again the switch produces a
new light-cone with the two regions inverted. Finally, we test the protocol under repeated projective
measurements. As explicit example we study the dynamics in a simple exactly solvable model but
analogues descriptions apply also to generic models.

In quantum mechanics the issue of locality/causality is
very delicate and gave rise to brilliant debates extending
over a century of quantum physics1. However in some
contexts causality does emerge clearly. A shining exam-
ple is given by the Lieb-Robinson bound2, which states
the existence of a maximal velocity at which information
propagates in many-body systems with su�ciently fast
decaying interactions. The typical manifestation is the
emergence of light-cones in the time evolution of local
observables3. Importantly, over the time some hypothe-
ses behind the original proof have been made milder4 and
light-cones have been observed also in situations where, a
priori, a similar behavior would have not been expected5.

This kind of locality in quantum mechanics is solidly at
the base of the descriptions of subsystems at late time af-
ter global quenches in many-body quantum systems. The
current understanding is that nonlocal conserved quanti-
ties do not a↵ect the late time (stationary) expectation
values (EVs) of local observables after a global Hamilto-
nian parameter is changed: the e↵ective ensembles de-
scribing the late time physics can be obtained by maxi-
mizing the entropy under the constraints of the local and
quasilocal conservation laws6 (in quantum field theories
the construction is more delicate7). This picture has the
remarkable consequence that globally di↵erent ensembles
describe the stationary properties of local observables
evolving with Hamiltonians that look very similar to each
other. A small integrability breaking perturbation is in-
deed su�cient to reduce the infinite set of (quasi)local
charges of the integrable model to a finite set, which in
the most generic situation consists of just the Hamilto-
nian. The EVs of local observables experience in turn
a crossover10–13 from a quasi-stationary behavior, which
can be captured by a generalized Gibbs ensemble8, to the
actual stationary value, describable instead by a Gibbs
ensemble9. These are usually known as prethermaliza-
tion13–19 or pre-relaxation10,11 behaviors. We stress that
this picture applies also to the case where the unper-
turbed model is generic but there is at least a local charge
besides the Hamiltonian.

It is well known that also local perturbations can break

global symmetries of a generic model or even integrabil-
ity (in fact, a standard problem is to identify the local
perturbations that preserve integrability20).
A (quasi)local conservation law of the unperturbed

model (which can be either integrable or generic) can
react to a local defect in two principal ways: (i) it main-
tains its bulk part unchanged, (ii) it becomes extinct.
The first aim of this paper is to point out that the

extinction of local charges results in a crossover between
globally di↵erent states. Assuming local relaxation, this
can be deduced from the time evolution of the EV of a
charge Q̃ that becomes extinct. It turns out that the time
derivative of the EV of Q̃ can not be recast as a commu-
tator between the Hamiltonian and some localized oper-
ator. Thus, generally the EV of the commutator remains
nonzero also at late times and, in turn, the EV of Q̃

displays a typical linear behavior. One can then exhibit
observables (essentially, the current associated with Q̃)
with di↵erent EVs inside and outside a light-cone, even
far away from the defect (see Sec. I): the light-cone sep-
arates regions with globally di↵erent properties.
We use this feature to engineer a local switch that al-

lows one to change the state globally in an almost re-
versible way. The protocol is the following:

1. The system is prepared in the ground state | 0i of
a translation invariant Hamiltonian H0.

2. At time ⌧0 a global parameter is changed and the
state evolves with a new Hamiltonian Ho↵ (global
quench). Let us call V a local perturbation that
spoils a set of local conservation laws. A switch s is
designed to turn V on (s = ON) or o↵ (s = OFF).

3. After a su�ciently long time T1 = ⌧1�⌧0 the switch
is flipped (local quench Ho↵ ! Hon).

4. At a later time ⌧2 the switch is flipped again (local
quench Hon ! Ho↵), and so on.

We point out that similar dynamics were already consid-
ered e.g. in Ref.21.
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2

sON
OFF

A

FIG. 1. Cartoon of the quench protocol. Full (empty) circles
represent sites that are occupied (empty) at the initial time
⌧0 ⌘ 0 and the dot-dashed lines indicate an undefined number
of sites. The switch s (light yellow triangle) decouples a site
from the others. The (thick) red and (thin) green dashed lines
represent connections when the switch is in the status of the
corresponding color. The ellipse encircles the subsystem, A,
where macroscopic observables, like (3), are defined.

FIG. 2. Space-time picture of the light-cones propagating
from the switch. Tags “ON” and “OFF” are placed at the
times ⌧i when the switch is turned on and o↵, respectively
(before ⌧1 the state is two-site shift invariant). The thick
segment represents subsystem A at time t. The subsystem
is split in parts belonging to di↵erent phases: in the green
region EVs are approximately one-site shift invariant while
in the orange region there is antiferromagnetic order. The
crossover (orange to green) is still developing and the EVs of
macroscopic observables vary almost linearly in time.

a. Example. For the sake of clarity, we analyze one
of the simplest dynamics that can be controlled by a lo-
cal switch through the mechanism described above and
explained more extensively in Sec. I. The reader can find
further examples in Sec. IV. We consider a fermionic
chain with Hamiltonian

HXY =
LX

`=1

1

2
(c`c

†

`+1�c
†

`
c`+1)+

�

2
(c`c`+1�c

†

`
c
†

`+1) , (1)

where ci satisfy the algebra {c
†

i
, cj} = �ij , {ci, cj} = 0

and periodic boundary conditions cL+1 = c1 are imposed.

In (1) we omitted a multiplicative constant with the di-
mensions of an energy, which can be viewed as implicitly
attached to the time. We note that Eq. (1) is mapped to
the XY spin- 12 chain22 by a Jordan-Wigner transforma-
tion. It was shown10 that this model has local conserva-
tion laws that break one-site shift invariance and are odd
under a shift by one site. Clearly, they can exist only if
L is even. Let us choose L even and set the Hamilto-
nian Ho↵ = HXY. The chain’s length can be e↵ectively
modified through a local perturbation. For example the
following local term

V =
c
†

1(c2 + cL + �(c†2 � c
†

L
))� c

†

L
c2 � �c

†

L
c
†

2

2
+h.c. (2)

decouples the first site and has the practical e↵ect of
reducing the chain’s length by one site. This in turn
results in the extinction of infinitely many local conser-
vation laws. We therefore set Hon = HXY + V . Since V

spoils only conservation laws that are odd under a shift
by one site, we prepare the system in a state that breaks
one-site shift invariance. In practice, this can be achieved
by quenching from an antiferromagnetic or a dimerized
phase. In the rest of the paper the pre-quench state will
be the Néel state (occupied sites alternating with empty
sites). We point out that in the thermodynamic limit
the distinction between odd and even chains is reduced
to the presence or absence of a defect in the initial state
at the position of the switch. By analogy with the phe-
nomenon of metastability in phase transitions, the defect
acts like a seed crystal from which a larger crystal will
grow. Fig. 1 sketches the system configuration.
Globally di↵erent states can be distinguished by the

EVs of macroscopic observables, i.e. local observables
that are averaged over a su�ciently large number of sites.
We focus on the staggered magnetization per unit length
in a connected subsystem A

m
z,s[A] = �

1

|A|

X

`2A

(�1)` hc†
j
cji , (3)

where |A| is the subsystem’s length, which we assume to
be even. For even distances, at the initial time mz,s[A] =
1
2 . The time evolution of the Néel state under Ho↵ can
be easily worked out

lim
|A|!1

lim
t!1

m
z,s

o↵ [A] =
1

2

|�|

1 + |�|
. (4)

On the other hand, time evolution under Hon results in a
one-site shift invariant state (there are only one-site shift
invariant local conservation laws), and hence

lim
|A|!1

lim
t!1

m
z,s

on [A] = 0 . (5)

Our protocol of non-equilibrium dynamics is more com-
plicated than a global quench but these limits are still
appropriate reference values.

3

0 24 48 72 96 120 144 168 192
t

0

0.1

0.2

0.3

0.4

0.5
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FIG. 3. The staggered magnetization per unit length in the
subsystem consisting of the sites ` 2 [2, 7] (|A| = 6, d = 0)
for � = 2 and various chain’s lengths. The dotted vertical
lines correspond to the times when the switch is activated
(thin green) and deactivated (thick red); a faint green shadow
highlights the intervals when the switch is on. The dotted
horizontal lines are the reference values (4) and (5). The
dashed black curve is the prediction (6).

b. Analysis. The dynamics of macroscopic observ-
ables in A are determined by four parameters:

(a) The chain’s length L;

(b) The subsystem’s length |A|;

(c) The distance d between A and the switch;

(d) The time Ti = ⌧i � ⌧i�1 that elapses between consec-
utive changes of the switch status.

The role of the parameters can be understood using a
semiclassical picture23 based on the motion of quasi-
particles excitations originated from/scattering with the
switch. The quasiparticles travel at finite speed, bounded
from above by the Lieb-Robinson velocity vM = ||�|�1|.
Therefore the light-cone emerging from the switch prop-
agates at vM . Inside the light-cone a stationary state
compatible with the perturbation is developing while,
outside, the state time evolves as in the absence of the
perturbation (cf. Fig. 2). Around the light-cone there is
an unstable transient region.

Our analysis shows that the finite size e↵ects, (a), be-
come visible after a time t ⇠ L/(2vM ) but the qualitative
behavior is almost unchanged until a time t ⇠ L/vM (see
Fig. 3).

The main e↵ect related to the subsystem’s length, (b),
is in the time that the light-cone employes to flow through
the subsystem: the larger A is and the slower the transi-
tion between one state and the other (cf. Fig. 4). During
this time the EVs of macroscopic observables experience
a typical linear time evolution: the light-cone, moving at
the Lieb-Robinson velocity, splits the subsystem in parts
that approximately belong to di↵erent phases.

The distance d from the switch, (c), introduces a de-
lay �t = d/vM between the time at which the switch
is flipped and the time at which observables in A start
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FIG. 4. The staggered magnetization per unit length for var-
ious subsystem’s lengths starting from the second site (d = 0)
with the same quench parameters and notations of Fig. 3 in
a chain of 400 sites. The dashed lines are the predictions (6).
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FIG. 5. The staggered magnetization per unit length in the
subsystem [2 + d, 13 + d] with the same quench parameters
and notations of Fig. 3 in a chain of 400 sites for various
distances d. The dashed lines are the predictions (6). The
time is shifted to compensate for the finite velocity at which
information propagates.

feeling the change. In addition, only the quasiparticles
with velocity v � vM/(1 + vM (t��t)

d
) have reached the

subsystem, so the transition is also slower at larger dis-
tances, where the e↵ects of the unstable regions around
the light-cones are amplified (see Fig. 5).
The time Ti between consecutive local quenches, (d),

puts a limit on the time left for the subsystem to respond
to the change (cf. Fig. 6).
Following a semi-quantitative reasoning based on the

semiclassical picture of Fig. 2, we conjecture an asymp-
totic expression for mz,s (see Sec. II), which is expected
to hold in the thermodynamic limit when all the param-
eters are su�ciently large:

m
z,s

⇠
1

2

|�|

1 + |�|
+

Z
⇡

⇡

dk

2⇡

�
2 sin2(k/2)µA

t,{⌧}
(k)

1 + cos k + �2(1� cos k)
. (6)

Here {⌧} is the set of the times ⌧j at which the switch
is flipped; the details of the dynamics are encoded in a

Ĥ =
L

∑
ℓ=1

1
2

( ̂cℓ ̂c†
ℓ+1 − ̂c†

ℓ ̂cℓ+1) +
γ
2

( ̂cℓ ̂cℓ+1 − ̂c†
ℓ ̂c†

ℓ+1)

with PBC
6 neighbouring spins from the switch

switch isolating one site
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We consider non-equilibrium time evolution after a quench of a global Hamiltonian parameter in
systems described by Hamiltonians with local interactions. Within this background, we propose a
protocol that allows to change global properties of the state by flipping a switch that modifies a local
term of the Hamiltonian (creating a defect). A light-cone that separates two globally di↵erent regions
originates from the switch. The expectation values of macroscopic observables, that is to say local
observables that are spatially averaged within a subsystem, slowly approach new asymptotic values
determined by the defect. The process is almost reversible: flipping again the switch produces a
new light-cone with the two regions inverted. Finally, we test the protocol under repeated projective
measurements. As explicit example we study the dynamics in a simple exactly solvable model but
analogues descriptions apply also to generic models.

In quantum mechanics the issue of locality/causality is
very delicate and gave rise to brilliant debates extending
over a century of quantum physics1. However in some
contexts causality does emerge clearly. A shining exam-
ple is given by the Lieb-Robinson bound2, which states
the existence of a maximal velocity at which information
propagates in many-body systems with su�ciently fast
decaying interactions. The typical manifestation is the
emergence of light-cones in the time evolution of local
observables3. Importantly, over the time some hypothe-
ses behind the original proof have been made milder4 and
light-cones have been observed also in situations where, a
priori, a similar behavior would have not been expected5.

This kind of locality in quantum mechanics is solidly at
the base of the descriptions of subsystems at late time af-
ter global quenches in many-body quantum systems. The
current understanding is that nonlocal conserved quanti-
ties do not a↵ect the late time (stationary) expectation
values (EVs) of local observables after a global Hamilto-
nian parameter is changed: the e↵ective ensembles de-
scribing the late time physics can be obtained by maxi-
mizing the entropy under the constraints of the local and
quasilocal conservation laws6 (in quantum field theories
the construction is more delicate7). This picture has the
remarkable consequence that globally di↵erent ensembles
describe the stationary properties of local observables
evolving with Hamiltonians that look very similar to each
other. A small integrability breaking perturbation is in-
deed su�cient to reduce the infinite set of (quasi)local
charges of the integrable model to a finite set, which in
the most generic situation consists of just the Hamilto-
nian. The EVs of local observables experience in turn
a crossover10–13 from a quasi-stationary behavior, which
can be captured by a generalized Gibbs ensemble8, to the
actual stationary value, describable instead by a Gibbs
ensemble9. These are usually known as prethermaliza-
tion13–19 or pre-relaxation10,11 behaviors. We stress that
this picture applies also to the case where the unper-
turbed model is generic but there is at least a local charge
besides the Hamiltonian.

It is well known that also local perturbations can break

global symmetries of a generic model or even integrabil-
ity (in fact, a standard problem is to identify the local
perturbations that preserve integrability20).
A (quasi)local conservation law of the unperturbed

model (which can be either integrable or generic) can
react to a local defect in two principal ways: (i) it main-
tains its bulk part unchanged, (ii) it becomes extinct.
The first aim of this paper is to point out that the

extinction of local charges results in a crossover between
globally di↵erent states. Assuming local relaxation, this
can be deduced from the time evolution of the EV of a
charge Q̃ that becomes extinct. It turns out that the time
derivative of the EV of Q̃ can not be recast as a commu-
tator between the Hamiltonian and some localized oper-
ator. Thus, generally the EV of the commutator remains
nonzero also at late times and, in turn, the EV of Q̃

displays a typical linear behavior. One can then exhibit
observables (essentially, the current associated with Q̃)
with di↵erent EVs inside and outside a light-cone, even
far away from the defect (see Sec. I): the light-cone sep-
arates regions with globally di↵erent properties.
We use this feature to engineer a local switch that al-

lows one to change the state globally in an almost re-
versible way. The protocol is the following:

1. The system is prepared in the ground state | 0i of
a translation invariant Hamiltonian H0.

2. At time ⌧0 a global parameter is changed and the
state evolves with a new Hamiltonian Ho↵ (global
quench). Let us call V a local perturbation that
spoils a set of local conservation laws. A switch s is
designed to turn V on (s = ON) or o↵ (s = OFF).

3. After a su�ciently long time T1 = ⌧1�⌧0 the switch
is flipped (local quench Ho↵ ! Hon).

4. At a later time ⌧2 the switch is flipped again (local
quench Hon ! Ho↵), and so on.

We point out that similar dynamics were already consid-
ered e.g. in Ref.21.

ar
X

iv
:1

50
8.

04
40

1v
2 

 [c
on

d-
m

at
.st

at
-m

ec
h]

  1
3 

Fe
b 

20
16

2

sON
OFF

A

FIG. 1. Cartoon of the quench protocol. Full (empty) circles
represent sites that are occupied (empty) at the initial time
⌧0 ⌘ 0 and the dot-dashed lines indicate an undefined number
of sites. The switch s (light yellow triangle) decouples a site
from the others. The (thick) red and (thin) green dashed lines
represent connections when the switch is in the status of the
corresponding color. The ellipse encircles the subsystem, A,
where macroscopic observables, like (3), are defined.

FIG. 2. Space-time picture of the light-cones propagating
from the switch. Tags “ON” and “OFF” are placed at the
times ⌧i when the switch is turned on and o↵, respectively
(before ⌧1 the state is two-site shift invariant). The thick
segment represents subsystem A at time t. The subsystem
is split in parts belonging to di↵erent phases: in the green
region EVs are approximately one-site shift invariant while
in the orange region there is antiferromagnetic order. The
crossover (orange to green) is still developing and the EVs of
macroscopic observables vary almost linearly in time.

a. Example. For the sake of clarity, we analyze one
of the simplest dynamics that can be controlled by a lo-
cal switch through the mechanism described above and
explained more extensively in Sec. I. The reader can find
further examples in Sec. IV. We consider a fermionic
chain with Hamiltonian

HXY =
LX

`=1

1

2
(c`c

†

`+1�c
†

`
c`+1)+

�

2
(c`c`+1�c

†

`
c
†

`+1) , (1)

where ci satisfy the algebra {c
†

i
, cj} = �ij , {ci, cj} = 0

and periodic boundary conditions cL+1 = c1 are imposed.

In (1) we omitted a multiplicative constant with the di-
mensions of an energy, which can be viewed as implicitly
attached to the time. We note that Eq. (1) is mapped to
the XY spin- 12 chain22 by a Jordan-Wigner transforma-
tion. It was shown10 that this model has local conserva-
tion laws that break one-site shift invariance and are odd
under a shift by one site. Clearly, they can exist only if
L is even. Let us choose L even and set the Hamilto-
nian Ho↵ = HXY. The chain’s length can be e↵ectively
modified through a local perturbation. For example the
following local term

V =
c
†

1(c2 + cL + �(c†2 � c
†

L
))� c

†

L
c2 � �c

†

L
c
†

2

2
+h.c. (2)

decouples the first site and has the practical e↵ect of
reducing the chain’s length by one site. This in turn
results in the extinction of infinitely many local conser-
vation laws. We therefore set Hon = HXY + V . Since V

spoils only conservation laws that are odd under a shift
by one site, we prepare the system in a state that breaks
one-site shift invariance. In practice, this can be achieved
by quenching from an antiferromagnetic or a dimerized
phase. In the rest of the paper the pre-quench state will
be the Néel state (occupied sites alternating with empty
sites). We point out that in the thermodynamic limit
the distinction between odd and even chains is reduced
to the presence or absence of a defect in the initial state
at the position of the switch. By analogy with the phe-
nomenon of metastability in phase transitions, the defect
acts like a seed crystal from which a larger crystal will
grow. Fig. 1 sketches the system configuration.
Globally di↵erent states can be distinguished by the

EVs of macroscopic observables, i.e. local observables
that are averaged over a su�ciently large number of sites.
We focus on the staggered magnetization per unit length
in a connected subsystem A

m
z,s[A] = �

1

|A|

X

`2A

(�1)` hc†
j
cji , (3)

where |A| is the subsystem’s length, which we assume to
be even. For even distances, at the initial time mz,s[A] =
1
2 . The time evolution of the Néel state under Ho↵ can
be easily worked out

lim
|A|!1

lim
t!1

m
z,s

o↵ [A] =
1

2

|�|

1 + |�|
. (4)

On the other hand, time evolution under Hon results in a
one-site shift invariant state (there are only one-site shift
invariant local conservation laws), and hence

lim
|A|!1

lim
t!1

m
z,s

on [A] = 0 . (5)

Our protocol of non-equilibrium dynamics is more com-
plicated than a global quench but these limits are still
appropriate reference values.
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FIG. 3. The staggered magnetization per unit length in the
subsystem consisting of the sites ` 2 [2, 7] (|A| = 6, d = 0)
for � = 2 and various chain’s lengths. The dotted vertical
lines correspond to the times when the switch is activated
(thin green) and deactivated (thick red); a faint green shadow
highlights the intervals when the switch is on. The dotted
horizontal lines are the reference values (4) and (5). The
dashed black curve is the prediction (6).

b. Analysis. The dynamics of macroscopic observ-
ables in A are determined by four parameters:

(a) The chain’s length L;

(b) The subsystem’s length |A|;

(c) The distance d between A and the switch;

(d) The time Ti = ⌧i � ⌧i�1 that elapses between consec-
utive changes of the switch status.

The role of the parameters can be understood using a
semiclassical picture23 based on the motion of quasi-
particles excitations originated from/scattering with the
switch. The quasiparticles travel at finite speed, bounded
from above by the Lieb-Robinson velocity vM = ||�|�1|.
Therefore the light-cone emerging from the switch prop-
agates at vM . Inside the light-cone a stationary state
compatible with the perturbation is developing while,
outside, the state time evolves as in the absence of the
perturbation (cf. Fig. 2). Around the light-cone there is
an unstable transient region.

Our analysis shows that the finite size e↵ects, (a), be-
come visible after a time t ⇠ L/(2vM ) but the qualitative
behavior is almost unchanged until a time t ⇠ L/vM (see
Fig. 3).

The main e↵ect related to the subsystem’s length, (b),
is in the time that the light-cone employes to flow through
the subsystem: the larger A is and the slower the transi-
tion between one state and the other (cf. Fig. 4). During
this time the EVs of macroscopic observables experience
a typical linear time evolution: the light-cone, moving at
the Lieb-Robinson velocity, splits the subsystem in parts
that approximately belong to di↵erent phases.

The distance d from the switch, (c), introduces a de-
lay �t = d/vM between the time at which the switch
is flipped and the time at which observables in A start
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FIG. 4. The staggered magnetization per unit length for var-
ious subsystem’s lengths starting from the second site (d = 0)
with the same quench parameters and notations of Fig. 3 in
a chain of 400 sites. The dashed lines are the predictions (6).
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FIG. 5. The staggered magnetization per unit length in the
subsystem [2 + d, 13 + d] with the same quench parameters
and notations of Fig. 3 in a chain of 400 sites for various
distances d. The dashed lines are the predictions (6). The
time is shifted to compensate for the finite velocity at which
information propagates.

feeling the change. In addition, only the quasiparticles
with velocity v � vM/(1 + vM (t��t)

d
) have reached the

subsystem, so the transition is also slower at larger dis-
tances, where the e↵ects of the unstable regions around
the light-cones are amplified (see Fig. 5).
The time Ti between consecutive local quenches, (d),

puts a limit on the time left for the subsystem to respond
to the change (cf. Fig. 6).
Following a semi-quantitative reasoning based on the

semiclassical picture of Fig. 2, we conjecture an asymp-
totic expression for mz,s (see Sec. II), which is expected
to hold in the thermodynamic limit when all the param-
eters are su�ciently large:

m
z,s

⇠
1

2

|�|

1 + |�|
+

Z
⇡

⇡

dk

2⇡

�
2 sin2(k/2)µA

t,{⌧}
(k)

1 + cos k + �2(1� cos k)
. (6)

Here {⌧} is the set of the times ⌧j at which the switch
is flipped; the details of the dynamics are encoded in a

Ĥ =
L

∑
ℓ=1

1
2

( ̂cℓ ̂c†
ℓ+1 − ̂c†

ℓ ̂cℓ+1) +
γ
2

( ̂cℓ ̂cℓ+1 − ̂c†
ℓ ̂c†

ℓ+1)

with PBC
6 neighbouring spins from the switch

switch isolating one site

macroscopic effects lasting infinitely long times at infinitely large distances from the switch
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We consider non-equilibrium time evolution after a quench of a global Hamiltonian parameter in
systems described by Hamiltonians with local interactions. Within this background, we propose a
protocol that allows to change global properties of the state by flipping a switch that modifies a local
term of the Hamiltonian (creating a defect). A light-cone that separates two globally di↵erent regions
originates from the switch. The expectation values of macroscopic observables, that is to say local
observables that are spatially averaged within a subsystem, slowly approach new asymptotic values
determined by the defect. The process is almost reversible: flipping again the switch produces a
new light-cone with the two regions inverted. Finally, we test the protocol under repeated projective
measurements. As explicit example we study the dynamics in a simple exactly solvable model but
analogues descriptions apply also to generic models.

In quantum mechanics the issue of locality/causality is
very delicate and gave rise to brilliant debates extending
over a century of quantum physics1. However in some
contexts causality does emerge clearly. A shining exam-
ple is given by the Lieb-Robinson bound2, which states
the existence of a maximal velocity at which information
propagates in many-body systems with su�ciently fast
decaying interactions. The typical manifestation is the
emergence of light-cones in the time evolution of local
observables3. Importantly, over the time some hypothe-
ses behind the original proof have been made milder4 and
light-cones have been observed also in situations where, a
priori, a similar behavior would have not been expected5.

This kind of locality in quantum mechanics is solidly at
the base of the descriptions of subsystems at late time af-
ter global quenches in many-body quantum systems. The
current understanding is that nonlocal conserved quanti-
ties do not a↵ect the late time (stationary) expectation
values (EVs) of local observables after a global Hamilto-
nian parameter is changed: the e↵ective ensembles de-
scribing the late time physics can be obtained by maxi-
mizing the entropy under the constraints of the local and
quasilocal conservation laws6 (in quantum field theories
the construction is more delicate7). This picture has the
remarkable consequence that globally di↵erent ensembles
describe the stationary properties of local observables
evolving with Hamiltonians that look very similar to each
other. A small integrability breaking perturbation is in-
deed su�cient to reduce the infinite set of (quasi)local
charges of the integrable model to a finite set, which in
the most generic situation consists of just the Hamilto-
nian. The EVs of local observables experience in turn
a crossover10–13 from a quasi-stationary behavior, which
can be captured by a generalized Gibbs ensemble8, to the
actual stationary value, describable instead by a Gibbs
ensemble9. These are usually known as prethermaliza-
tion13–19 or pre-relaxation10,11 behaviors. We stress that
this picture applies also to the case where the unper-
turbed model is generic but there is at least a local charge
besides the Hamiltonian.

It is well known that also local perturbations can break

global symmetries of a generic model or even integrabil-
ity (in fact, a standard problem is to identify the local
perturbations that preserve integrability20).
A (quasi)local conservation law of the unperturbed

model (which can be either integrable or generic) can
react to a local defect in two principal ways: (i) it main-
tains its bulk part unchanged, (ii) it becomes extinct.
The first aim of this paper is to point out that the

extinction of local charges results in a crossover between
globally di↵erent states. Assuming local relaxation, this
can be deduced from the time evolution of the EV of a
charge Q̃ that becomes extinct. It turns out that the time
derivative of the EV of Q̃ can not be recast as a commu-
tator between the Hamiltonian and some localized oper-
ator. Thus, generally the EV of the commutator remains
nonzero also at late times and, in turn, the EV of Q̃

displays a typical linear behavior. One can then exhibit
observables (essentially, the current associated with Q̃)
with di↵erent EVs inside and outside a light-cone, even
far away from the defect (see Sec. I): the light-cone sep-
arates regions with globally di↵erent properties.
We use this feature to engineer a local switch that al-

lows one to change the state globally in an almost re-
versible way. The protocol is the following:

1. The system is prepared in the ground state | 0i of
a translation invariant Hamiltonian H0.

2. At time ⌧0 a global parameter is changed and the
state evolves with a new Hamiltonian Ho↵ (global
quench). Let us call V a local perturbation that
spoils a set of local conservation laws. A switch s is
designed to turn V on (s = ON) or o↵ (s = OFF).

3. After a su�ciently long time T1 = ⌧1�⌧0 the switch
is flipped (local quench Ho↵ ! Hon).

4. At a later time ⌧2 the switch is flipped again (local
quench Hon ! Ho↵), and so on.

We point out that similar dynamics were already consid-
ered e.g. in Ref.21.
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FIG. 1. Cartoon of the quench protocol. Full (empty) circles
represent sites that are occupied (empty) at the initial time
⌧0 ⌘ 0 and the dot-dashed lines indicate an undefined number
of sites. The switch s (light yellow triangle) decouples a site
from the others. The (thick) red and (thin) green dashed lines
represent connections when the switch is in the status of the
corresponding color. The ellipse encircles the subsystem, A,
where macroscopic observables, like (3), are defined.

FIG. 2. Space-time picture of the light-cones propagating
from the switch. Tags “ON” and “OFF” are placed at the
times ⌧i when the switch is turned on and o↵, respectively
(before ⌧1 the state is two-site shift invariant). The thick
segment represents subsystem A at time t. The subsystem
is split in parts belonging to di↵erent phases: in the green
region EVs are approximately one-site shift invariant while
in the orange region there is antiferromagnetic order. The
crossover (orange to green) is still developing and the EVs of
macroscopic observables vary almost linearly in time.

a. Example. For the sake of clarity, we analyze one
of the simplest dynamics that can be controlled by a lo-
cal switch through the mechanism described above and
explained more extensively in Sec. I. The reader can find
further examples in Sec. IV. We consider a fermionic
chain with Hamiltonian

HXY =
LX

`=1

1

2
(c`c

†

`+1�c
†

`
c`+1)+

�

2
(c`c`+1�c

†

`
c
†

`+1) , (1)

where ci satisfy the algebra {c
†

i
, cj} = �ij , {ci, cj} = 0

and periodic boundary conditions cL+1 = c1 are imposed.

In (1) we omitted a multiplicative constant with the di-
mensions of an energy, which can be viewed as implicitly
attached to the time. We note that Eq. (1) is mapped to
the XY spin- 12 chain22 by a Jordan-Wigner transforma-
tion. It was shown10 that this model has local conserva-
tion laws that break one-site shift invariance and are odd
under a shift by one site. Clearly, they can exist only if
L is even. Let us choose L even and set the Hamilto-
nian Ho↵ = HXY. The chain’s length can be e↵ectively
modified through a local perturbation. For example the
following local term

V =
c
†

1(c2 + cL + �(c†2 � c
†

L
))� c

†

L
c2 � �c

†

L
c
†

2

2
+h.c. (2)

decouples the first site and has the practical e↵ect of
reducing the chain’s length by one site. This in turn
results in the extinction of infinitely many local conser-
vation laws. We therefore set Hon = HXY + V . Since V

spoils only conservation laws that are odd under a shift
by one site, we prepare the system in a state that breaks
one-site shift invariance. In practice, this can be achieved
by quenching from an antiferromagnetic or a dimerized
phase. In the rest of the paper the pre-quench state will
be the Néel state (occupied sites alternating with empty
sites). We point out that in the thermodynamic limit
the distinction between odd and even chains is reduced
to the presence or absence of a defect in the initial state
at the position of the switch. By analogy with the phe-
nomenon of metastability in phase transitions, the defect
acts like a seed crystal from which a larger crystal will
grow. Fig. 1 sketches the system configuration.
Globally di↵erent states can be distinguished by the

EVs of macroscopic observables, i.e. local observables
that are averaged over a su�ciently large number of sites.
We focus on the staggered magnetization per unit length
in a connected subsystem A

m
z,s[A] = �

1

|A|

X

`2A

(�1)` hc†
j
cji , (3)

where |A| is the subsystem’s length, which we assume to
be even. For even distances, at the initial time mz,s[A] =
1
2 . The time evolution of the Néel state under Ho↵ can
be easily worked out

lim
|A|!1

lim
t!1

m
z,s

o↵ [A] =
1

2

|�|

1 + |�|
. (4)

On the other hand, time evolution under Hon results in a
one-site shift invariant state (there are only one-site shift
invariant local conservation laws), and hence

lim
|A|!1

lim
t!1

m
z,s

on [A] = 0 . (5)

Our protocol of non-equilibrium dynamics is more com-
plicated than a global quench but these limits are still
appropriate reference values.
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FIG. 3. The staggered magnetization per unit length in the
subsystem consisting of the sites ` 2 [2, 7] (|A| = 6, d = 0)
for � = 2 and various chain’s lengths. The dotted vertical
lines correspond to the times when the switch is activated
(thin green) and deactivated (thick red); a faint green shadow
highlights the intervals when the switch is on. The dotted
horizontal lines are the reference values (4) and (5). The
dashed black curve is the prediction (6).

b. Analysis. The dynamics of macroscopic observ-
ables in A are determined by four parameters:

(a) The chain’s length L;

(b) The subsystem’s length |A|;

(c) The distance d between A and the switch;

(d) The time Ti = ⌧i � ⌧i�1 that elapses between consec-
utive changes of the switch status.

The role of the parameters can be understood using a
semiclassical picture23 based on the motion of quasi-
particles excitations originated from/scattering with the
switch. The quasiparticles travel at finite speed, bounded
from above by the Lieb-Robinson velocity vM = ||�|�1|.
Therefore the light-cone emerging from the switch prop-
agates at vM . Inside the light-cone a stationary state
compatible with the perturbation is developing while,
outside, the state time evolves as in the absence of the
perturbation (cf. Fig. 2). Around the light-cone there is
an unstable transient region.

Our analysis shows that the finite size e↵ects, (a), be-
come visible after a time t ⇠ L/(2vM ) but the qualitative
behavior is almost unchanged until a time t ⇠ L/vM (see
Fig. 3).

The main e↵ect related to the subsystem’s length, (b),
is in the time that the light-cone employes to flow through
the subsystem: the larger A is and the slower the transi-
tion between one state and the other (cf. Fig. 4). During
this time the EVs of macroscopic observables experience
a typical linear time evolution: the light-cone, moving at
the Lieb-Robinson velocity, splits the subsystem in parts
that approximately belong to di↵erent phases.

The distance d from the switch, (c), introduces a de-
lay �t = d/vM between the time at which the switch
is flipped and the time at which observables in A start
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FIG. 4. The staggered magnetization per unit length for var-
ious subsystem’s lengths starting from the second site (d = 0)
with the same quench parameters and notations of Fig. 3 in
a chain of 400 sites. The dashed lines are the predictions (6).
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FIG. 5. The staggered magnetization per unit length in the
subsystem [2 + d, 13 + d] with the same quench parameters
and notations of Fig. 3 in a chain of 400 sites for various
distances d. The dashed lines are the predictions (6). The
time is shifted to compensate for the finite velocity at which
information propagates.

feeling the change. In addition, only the quasiparticles
with velocity v � vM/(1 + vM (t��t)

d
) have reached the

subsystem, so the transition is also slower at larger dis-
tances, where the e↵ects of the unstable regions around
the light-cones are amplified (see Fig. 5).
The time Ti between consecutive local quenches, (d),

puts a limit on the time left for the subsystem to respond
to the change (cf. Fig. 6).
Following a semi-quantitative reasoning based on the

semiclassical picture of Fig. 2, we conjecture an asymp-
totic expression for mz,s (see Sec. II), which is expected
to hold in the thermodynamic limit when all the param-
eters are su�ciently large:

m
z,s

⇠
1

2

|�|

1 + |�|
+

Z
⇡

⇡

dk

2⇡

�
2 sin2(k/2)µA

t,{⌧}
(k)

1 + cos k + �2(1� cos k)
. (6)

Here {⌧} is the set of the times ⌧j at which the switch
is flipped; the details of the dynamics are encoded in a

Ĥ =
L

∑
ℓ=1

1
2

( ̂cℓ ̂c†
ℓ+1 − ̂c†

ℓ ̂cℓ+1) +
γ
2

( ̂cℓ ̂cℓ+1 − ̂c†
ℓ ̂c†

ℓ+1)

with PBC
6 neighbouring spins from the switch
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FIG. 8. The energy density at position n and time t corresponding to the time evolution of the state (35) under the XY
Hamiltonian H

XY
1 (34) with h = 0.333 and � = 1.732 (left) or � = 1.1 (right) in a chain of 300 spins (notice that the scale

of the colors is the same). Left. There are extinct local reflection symmetric charges. In the limit 1 ⌧ vt ⌧ n the energy
density is undistinguishable from the one corresponding to time evolution with H0, which is also the initial value (black); in
the limit 1 ⌧ n ⌧ vt a new stationary behavior emerges. At times t & 250 finite size e↵ects become visible. Right. All the
local reflection symmetric charges survive the boundary. The e↵ect of the boundary fades away at large time and distance: the
switch can not be used to control global properties.

FIG. 9. The energy density at position n and time t corresponding to the time evolution of the state (35) under the XY
Hamiltonian H

XY
s (34) with h = 0.333 and � = 1.732 in a chain of 300 spins. The switch is ON (s = 1) until t = 100, then it

is turned OFF (s = 0). In the right panel the switch is turned on again at t = 200. Left. After flipping the switch the original
value of the energy density is slowly restored. Right. After flipping the switch the second time a new light-cone emerges with
the same morphology of the original one.

We set h = 0.333 and consider two values for the anisotropy: � = 1.732 and � = 1.1.
Generally, in integrable models, changing the boundary conditions from periodic to open destroys the charges that

are odd under chain inversion24. However, the initial state is reflection symmetric, so the extinction of the odd
charges should not be relevant to time evolution. This example is still significant because Ref.25 showed that the
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Control of global properties in a closed many-body quantum system
by means of a local switch

Maurizio Fagotti
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We consider non-equilibrium time evolution after a quench of a global Hamiltonian parameter in
systems described by Hamiltonians with local interactions. Within this background, we propose a
protocol that allows to change global properties of the state by flipping a switch that modifies a local
term of the Hamiltonian (creating a defect). A light-cone that separates two globally di↵erent regions
originates from the switch. The expectation values of macroscopic observables, that is to say local
observables that are spatially averaged within a subsystem, slowly approach new asymptotic values
determined by the defect. The process is almost reversible: flipping again the switch produces a
new light-cone with the two regions inverted. Finally, we test the protocol under repeated projective
measurements. As explicit example we study the dynamics in a simple exactly solvable model but
analogues descriptions apply also to generic models.

In quantum mechanics the issue of locality/causality is
very delicate and gave rise to brilliant debates extending
over a century of quantum physics1. However in some
contexts causality does emerge clearly. A shining exam-
ple is given by the Lieb-Robinson bound2, which states
the existence of a maximal velocity at which information
propagates in many-body systems with su�ciently fast
decaying interactions. The typical manifestation is the
emergence of light-cones in the time evolution of local
observables3. Importantly, over the time some hypothe-
ses behind the original proof have been made milder4 and
light-cones have been observed also in situations where, a
priori, a similar behavior would have not been expected5.

This kind of locality in quantum mechanics is solidly at
the base of the descriptions of subsystems at late time af-
ter global quenches in many-body quantum systems. The
current understanding is that nonlocal conserved quanti-
ties do not a↵ect the late time (stationary) expectation
values (EVs) of local observables after a global Hamilto-
nian parameter is changed: the e↵ective ensembles de-
scribing the late time physics can be obtained by maxi-
mizing the entropy under the constraints of the local and
quasilocal conservation laws6 (in quantum field theories
the construction is more delicate7). This picture has the
remarkable consequence that globally di↵erent ensembles
describe the stationary properties of local observables
evolving with Hamiltonians that look very similar to each
other. A small integrability breaking perturbation is in-
deed su�cient to reduce the infinite set of (quasi)local
charges of the integrable model to a finite set, which in
the most generic situation consists of just the Hamilto-
nian. The EVs of local observables experience in turn
a crossover10–13 from a quasi-stationary behavior, which
can be captured by a generalized Gibbs ensemble8, to the
actual stationary value, describable instead by a Gibbs
ensemble9. These are usually known as prethermaliza-
tion13–19 or pre-relaxation10,11 behaviors. We stress that
this picture applies also to the case where the unper-
turbed model is generic but there is at least a local charge
besides the Hamiltonian.

It is well known that also local perturbations can break

global symmetries of a generic model or even integrabil-
ity (in fact, a standard problem is to identify the local
perturbations that preserve integrability20).
A (quasi)local conservation law of the unperturbed

model (which can be either integrable or generic) can
react to a local defect in two principal ways: (i) it main-
tains its bulk part unchanged, (ii) it becomes extinct.
The first aim of this paper is to point out that the

extinction of local charges results in a crossover between
globally di↵erent states. Assuming local relaxation, this
can be deduced from the time evolution of the EV of a
charge Q̃ that becomes extinct. It turns out that the time
derivative of the EV of Q̃ can not be recast as a commu-
tator between the Hamiltonian and some localized oper-
ator. Thus, generally the EV of the commutator remains
nonzero also at late times and, in turn, the EV of Q̃

displays a typical linear behavior. One can then exhibit
observables (essentially, the current associated with Q̃)
with di↵erent EVs inside and outside a light-cone, even
far away from the defect (see Sec. I): the light-cone sep-
arates regions with globally di↵erent properties.
We use this feature to engineer a local switch that al-

lows one to change the state globally in an almost re-
versible way. The protocol is the following:

1. The system is prepared in the ground state | 0i of
a translation invariant Hamiltonian H0.

2. At time ⌧0 a global parameter is changed and the
state evolves with a new Hamiltonian Ho↵ (global
quench). Let us call V a local perturbation that
spoils a set of local conservation laws. A switch s is
designed to turn V on (s = ON) or o↵ (s = OFF).

3. After a su�ciently long time T1 = ⌧1�⌧0 the switch
is flipped (local quench Ho↵ ! Hon).

4. At a later time ⌧2 the switch is flipped again (local
quench Hon ! Ho↵), and so on.

We point out that similar dynamics were already consid-
ered e.g. in Ref.21.

ar
X

iv
:1

50
8.

04
40

1v
2 

 [c
on

d-
m

at
.st

at
-m

ec
h]

  1
3 

Fe
b 

20
16

2

sON
OFF

A

FIG. 1. Cartoon of the quench protocol. Full (empty) circles
represent sites that are occupied (empty) at the initial time
⌧0 ⌘ 0 and the dot-dashed lines indicate an undefined number
of sites. The switch s (light yellow triangle) decouples a site
from the others. The (thick) red and (thin) green dashed lines
represent connections when the switch is in the status of the
corresponding color. The ellipse encircles the subsystem, A,
where macroscopic observables, like (3), are defined.

FIG. 2. Space-time picture of the light-cones propagating
from the switch. Tags “ON” and “OFF” are placed at the
times ⌧i when the switch is turned on and o↵, respectively
(before ⌧1 the state is two-site shift invariant). The thick
segment represents subsystem A at time t. The subsystem
is split in parts belonging to di↵erent phases: in the green
region EVs are approximately one-site shift invariant while
in the orange region there is antiferromagnetic order. The
crossover (orange to green) is still developing and the EVs of
macroscopic observables vary almost linearly in time.

a. Example. For the sake of clarity, we analyze one
of the simplest dynamics that can be controlled by a lo-
cal switch through the mechanism described above and
explained more extensively in Sec. I. The reader can find
further examples in Sec. IV. We consider a fermionic
chain with Hamiltonian

HXY =
LX

`=1

1

2
(c`c

†

`+1�c
†

`
c`+1)+

�

2
(c`c`+1�c

†

`
c
†

`+1) , (1)

where ci satisfy the algebra {c
†

i
, cj} = �ij , {ci, cj} = 0

and periodic boundary conditions cL+1 = c1 are imposed.

In (1) we omitted a multiplicative constant with the di-
mensions of an energy, which can be viewed as implicitly
attached to the time. We note that Eq. (1) is mapped to
the XY spin- 12 chain22 by a Jordan-Wigner transforma-
tion. It was shown10 that this model has local conserva-
tion laws that break one-site shift invariance and are odd
under a shift by one site. Clearly, they can exist only if
L is even. Let us choose L even and set the Hamilto-
nian Ho↵ = HXY. The chain’s length can be e↵ectively
modified through a local perturbation. For example the
following local term

V =
c
†

1(c2 + cL + �(c†2 � c
†

L
))� c

†

L
c2 � �c

†

L
c
†

2

2
+h.c. (2)

decouples the first site and has the practical e↵ect of
reducing the chain’s length by one site. This in turn
results in the extinction of infinitely many local conser-
vation laws. We therefore set Hon = HXY + V . Since V

spoils only conservation laws that are odd under a shift
by one site, we prepare the system in a state that breaks
one-site shift invariance. In practice, this can be achieved
by quenching from an antiferromagnetic or a dimerized
phase. In the rest of the paper the pre-quench state will
be the Néel state (occupied sites alternating with empty
sites). We point out that in the thermodynamic limit
the distinction between odd and even chains is reduced
to the presence or absence of a defect in the initial state
at the position of the switch. By analogy with the phe-
nomenon of metastability in phase transitions, the defect
acts like a seed crystal from which a larger crystal will
grow. Fig. 1 sketches the system configuration.
Globally di↵erent states can be distinguished by the

EVs of macroscopic observables, i.e. local observables
that are averaged over a su�ciently large number of sites.
We focus on the staggered magnetization per unit length
in a connected subsystem A

m
z,s[A] = �

1

|A|

X

`2A

(�1)` hc†
j
cji , (3)

where |A| is the subsystem’s length, which we assume to
be even. For even distances, at the initial time mz,s[A] =
1
2 . The time evolution of the Néel state under Ho↵ can
be easily worked out

lim
|A|!1

lim
t!1

m
z,s

o↵ [A] =
1

2

|�|

1 + |�|
. (4)

On the other hand, time evolution under Hon results in a
one-site shift invariant state (there are only one-site shift
invariant local conservation laws), and hence

lim
|A|!1

lim
t!1

m
z,s

on [A] = 0 . (5)

Our protocol of non-equilibrium dynamics is more com-
plicated than a global quench but these limits are still
appropriate reference values.
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FIG. 3. The staggered magnetization per unit length in the
subsystem consisting of the sites ` 2 [2, 7] (|A| = 6, d = 0)
for � = 2 and various chain’s lengths. The dotted vertical
lines correspond to the times when the switch is activated
(thin green) and deactivated (thick red); a faint green shadow
highlights the intervals when the switch is on. The dotted
horizontal lines are the reference values (4) and (5). The
dashed black curve is the prediction (6).

b. Analysis. The dynamics of macroscopic observ-
ables in A are determined by four parameters:

(a) The chain’s length L;

(b) The subsystem’s length |A|;

(c) The distance d between A and the switch;

(d) The time Ti = ⌧i � ⌧i�1 that elapses between consec-
utive changes of the switch status.

The role of the parameters can be understood using a
semiclassical picture23 based on the motion of quasi-
particles excitations originated from/scattering with the
switch. The quasiparticles travel at finite speed, bounded
from above by the Lieb-Robinson velocity vM = ||�|�1|.
Therefore the light-cone emerging from the switch prop-
agates at vM . Inside the light-cone a stationary state
compatible with the perturbation is developing while,
outside, the state time evolves as in the absence of the
perturbation (cf. Fig. 2). Around the light-cone there is
an unstable transient region.

Our analysis shows that the finite size e↵ects, (a), be-
come visible after a time t ⇠ L/(2vM ) but the qualitative
behavior is almost unchanged until a time t ⇠ L/vM (see
Fig. 3).

The main e↵ect related to the subsystem’s length, (b),
is in the time that the light-cone employes to flow through
the subsystem: the larger A is and the slower the transi-
tion between one state and the other (cf. Fig. 4). During
this time the EVs of macroscopic observables experience
a typical linear time evolution: the light-cone, moving at
the Lieb-Robinson velocity, splits the subsystem in parts
that approximately belong to di↵erent phases.

The distance d from the switch, (c), introduces a de-
lay �t = d/vM between the time at which the switch
is flipped and the time at which observables in A start
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FIG. 4. The staggered magnetization per unit length for var-
ious subsystem’s lengths starting from the second site (d = 0)
with the same quench parameters and notations of Fig. 3 in
a chain of 400 sites. The dashed lines are the predictions (6).
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FIG. 5. The staggered magnetization per unit length in the
subsystem [2 + d, 13 + d] with the same quench parameters
and notations of Fig. 3 in a chain of 400 sites for various
distances d. The dashed lines are the predictions (6). The
time is shifted to compensate for the finite velocity at which
information propagates.

feeling the change. In addition, only the quasiparticles
with velocity v � vM/(1 + vM (t��t)

d
) have reached the

subsystem, so the transition is also slower at larger dis-
tances, where the e↵ects of the unstable regions around
the light-cones are amplified (see Fig. 5).
The time Ti between consecutive local quenches, (d),

puts a limit on the time left for the subsystem to respond
to the change (cf. Fig. 6).
Following a semi-quantitative reasoning based on the

semiclassical picture of Fig. 2, we conjecture an asymp-
totic expression for mz,s (see Sec. II), which is expected
to hold in the thermodynamic limit when all the param-
eters are su�ciently large:

m
z,s

⇠
1

2

|�|

1 + |�|
+

Z
⇡

⇡

dk

2⇡

�
2 sin2(k/2)µA

t,{⌧}
(k)

1 + cos k + �2(1� cos k)
. (6)

Here {⌧} is the set of the times ⌧j at which the switch
is flipped; the details of the dynamics are encoded in a

Ĥ =
L

∑
ℓ=1

1
2

( ̂cℓ ̂c†
ℓ+1 − ̂c†

ℓ ̂cℓ+1) +
γ
2

( ̂cℓ ̂cℓ+1 − ̂c†
ℓ ̂c†

ℓ+1)
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FIG. 8. The energy density at position n and time t corresponding to the time evolution of the state (35) under the XY
Hamiltonian H

XY
1 (34) with h = 0.333 and � = 1.732 (left) or � = 1.1 (right) in a chain of 300 spins (notice that the scale

of the colors is the same). Left. There are extinct local reflection symmetric charges. In the limit 1 ⌧ vt ⌧ n the energy
density is undistinguishable from the one corresponding to time evolution with H0, which is also the initial value (black); in
the limit 1 ⌧ n ⌧ vt a new stationary behavior emerges. At times t & 250 finite size e↵ects become visible. Right. All the
local reflection symmetric charges survive the boundary. The e↵ect of the boundary fades away at large time and distance: the
switch can not be used to control global properties.

FIG. 9. The energy density at position n and time t corresponding to the time evolution of the state (35) under the XY
Hamiltonian H

XY
s (34) with h = 0.333 and � = 1.732 in a chain of 300 spins. The switch is ON (s = 1) until t = 100, then it

is turned OFF (s = 0). In the right panel the switch is turned on again at t = 200. Left. After flipping the switch the original
value of the energy density is slowly restored. Right. After flipping the switch the second time a new light-cone emerges with
the same morphology of the original one.

We set h = 0.333 and consider two values for the anisotropy: � = 1.732 and � = 1.1.
Generally, in integrable models, changing the boundary conditions from periodic to open destroys the charges that

are odd under chain inversion24. However, the initial state is reflection symmetric, so the extinction of the odd
charges should not be relevant to time evolution. This example is still significant because Ref.25 showed that the
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• In the presence of  a relevant local defect, the space-time scaling limit              at a distance 
   is described by a   -dependent stationary state for the clean model (for          ) 
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We consider the nonequilibrium time evolution of a translationally invariant state under a Hamiltonian
with a localized defect. We discern the situations where a light cone spreads out from the defect and
separates the system into regions with macroscopically different properties. We identify the light cone and
propose a procedure to obtain a (quasi)stationary state describing the late time dynamics of local
observables. As an explicit example, we study the time evolution generated by the Hamiltonian of the
transverse-field Ising chain with a local defect that cuts the interaction between two sites (a quench of the
boundary conditions alongside a global quench). We solve the dynamics exactly and show that the late time
properties can be obtained with the general method proposed.
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In an out-of-equilibrium many-body quantum system,
some observables can relax even if the system is isolated.
The last decade has brought fresh insights into this
counterintuitive phenomenon, already addressed almost
one hundred years ago by J. von Neumann [1]. This
renewed interest started with a series of ground breaking
experiments [2,3]. Arguably, the most inspiring of these has
been the quantum Newton’s cradle [2], which motivated
copious theoretical research on the role of dimensionality
and conservation laws out of equilibrium [4–7]. The
theoretical picture that emerged is that in translationally
invariant systems the expectation value of any local
observable approaches a stationary value. This can be
computed in the effective stationary state with maximum
entropy under the constraints of the relevant integrals of
motion. Since integrable models have infinitely many local
conservation laws, which do affect the dynamics of local
observables, the stationary state emerging in those systems
is very different from standard statistical ensembles. It was
called the generalized Gibbs ensemble (GGE) [8] and is
characterized by the expectation values of local and
quasilocal conservation laws [4,6,9].
In practice, the set of the local charges is very sensitive to

global perturbations and real systems are never exactly
integrable. Thus, in actual experiments relaxation to a GGE
is only a property of (possibly very long) intermediate
times, which precede the onset of thermalization [10]. The
study of integrability breaking perturbations led to new
theoretical concepts, such as prethermalization [11,12] and
prerelaxation [12], which have been observed in experi-
ments [13,14]. These regimes occur at time scales such that
the fastest degrees of freedom have already relaxed, but the
approximate integrability of the model still plays a key role.
When translational invariance is broken, other forms of

stationary behavior appear. The typical example is the

evolution of inhomogeneous states obtained joining
together two chains at different temperatures [15–19] or
with different magnetizations [20], or any other different
global property [21]. Around the junction of the two chains
a nonequilibrium steady state (NESS) [22,23] emerges.
Importantly, a NESS can be produced simply by a

Hamiltonian defect d̂ localized around a given position x0,
even if the initial state is homogeneous [24]. The mechanism
for this is basedon the fact that the set of the local conservation
laws is also very sensitive to localized perturbations. Some
charges Qj are simply deformed by the defect; i.e., there are
bounded operators δQj localized around x0 such that

½H0; Qj" ¼ 0; ½H1; Qj þ δQj" ¼ 0; ð1Þ

whereH0 is the Hamiltonian of the “clean”model andH1 ¼
H0 þ d̂ is the Hamiltonian with the defect. In general,
however, there are also charges ~Qj of H0 for which such
bounded operators do not exist; i.e., they cannot be deformed
into conserved operators forH1.Wequalify themas “extinct.”
In contrast to the charges that are deformed, the extinct
charges have the peculiarity that the expectationvalue of their
commutatorwith the defect can remain nonzero for arbitrarily
large time

A ~Q ¼ lim
t→∞

tr½ρti½ ~Q; d̂"" ≠0; ð2Þ

where ρt is the time evolving state. This is sufficient to ensure
that the limit of infinite time does not commute with the limit
of infinite distance from the defect [24]: a light cone spreads
out from x0 separating the system into regions with macro-
scopically different properties.
We note that some charges of H1 can also result from the

merging of two distinct charges of the clean model, in the
sense that their densities in the bulk are different on the two
sides of the defect. For the sake of simplicity we consider
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• In the presence of  a relevant local defect, the space-time scaling limit              at a distance 
   is described by a   -dependent stationary state for the clean model (for          )

• Outside a light cone, the defect becomes irrelevant
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In an out-of-equilibrium many-body quantum system,
some observables can relax even if the system is isolated.
The last decade has brought fresh insights into this
counterintuitive phenomenon, already addressed almost
one hundred years ago by J. von Neumann [1]. This
renewed interest started with a series of ground breaking
experiments [2,3]. Arguably, the most inspiring of these has
been the quantum Newton’s cradle [2], which motivated
copious theoretical research on the role of dimensionality
and conservation laws out of equilibrium [4–7]. The
theoretical picture that emerged is that in translationally
invariant systems the expectation value of any local
observable approaches a stationary value. This can be
computed in the effective stationary state with maximum
entropy under the constraints of the relevant integrals of
motion. Since integrable models have infinitely many local
conservation laws, which do affect the dynamics of local
observables, the stationary state emerging in those systems
is very different from standard statistical ensembles. It was
called the generalized Gibbs ensemble (GGE) [8] and is
characterized by the expectation values of local and
quasilocal conservation laws [4,6,9].
In practice, the set of the local charges is very sensitive to

global perturbations and real systems are never exactly
integrable. Thus, in actual experiments relaxation to a GGE
is only a property of (possibly very long) intermediate
times, which precede the onset of thermalization [10]. The
study of integrability breaking perturbations led to new
theoretical concepts, such as prethermalization [11,12] and
prerelaxation [12], which have been observed in experi-
ments [13,14]. These regimes occur at time scales such that
the fastest degrees of freedom have already relaxed, but the
approximate integrability of the model still plays a key role.
When translational invariance is broken, other forms of

stationary behavior appear. The typical example is the

evolution of inhomogeneous states obtained joining
together two chains at different temperatures [15–19] or
with different magnetizations [20], or any other different
global property [21]. Around the junction of the two chains
a nonequilibrium steady state (NESS) [22,23] emerges.
Importantly, a NESS can be produced simply by a

Hamiltonian defect d̂ localized around a given position x0,
even if the initial state is homogeneous [24]. The mechanism
for this is basedon the fact that the set of the local conservation
laws is also very sensitive to localized perturbations. Some
charges Qj are simply deformed by the defect; i.e., there are
bounded operators δQj localized around x0 such that

½H0; Qj" ¼ 0; ½H1; Qj þ δQj" ¼ 0; ð1Þ

whereH0 is the Hamiltonian of the “clean”model andH1 ¼
H0 þ d̂ is the Hamiltonian with the defect. In general,
however, there are also charges ~Qj of H0 for which such
bounded operators do not exist; i.e., they cannot be deformed
into conserved operators forH1.Wequalify themas “extinct.”
In contrast to the charges that are deformed, the extinct
charges have the peculiarity that the expectationvalue of their
commutatorwith the defect can remain nonzero for arbitrarily
large time

A ~Q ¼ lim
t→∞

tr½ρti½ ~Q; d̂"" ≠0; ð2Þ

where ρt is the time evolving state. This is sufficient to ensure
that the limit of infinite time does not commute with the limit
of infinite distance from the defect [24]: a light cone spreads
out from x0 separating the system into regions with macro-
scopically different properties.
We note that some charges of H1 can also result from the

merging of two distinct charges of the clean model, in the
sense that their densities in the bulk are different on the two
sides of the defect. For the sake of simplicity we consider
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Abstract. It is shown that if ÷ is a finite range interaction of a quantum spin
system, Ùf the associated group of time translations, Ùx the group of space translations,
and A, B local observables, then
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whenever v is sufficiently large (v > Vˆ) where µ(ı) > 0. The physical content of the statement
is that information can propagate in the system only with a finite group velocity.

1. Introduction

In [2] it was demonstrated that for a large class of translationally
invariant interactions, time translations of quantum spin systems can be
defined as automorphisms of a C*-algebra, j/, of quasi-local observables,
i.e. the abstract algebra generated by the spin operators. This should
allow one to discuss features of the dynamical propagation of physical
effects in an algebraic manner independent of the state of the system, i.e.
independent of the kinematical data. It is expected that this propagation
has many features in common with the propagation of waves in con-
tinuous matter and the point of this paper is to demonstrate such a
feature, namely a finite bound for the group velocity of a system with
finite range interaction. This result is obtained by a simple estimation
derived from the equations of motion and it is possible that more
detailed estimations would give more precise information of the form of
spin-wave propagation. We briefly discuss this possibility at the end of
Section 3.
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Importantly, a NESS can be produced simply by a

Hamiltonian defect d̂ localized around a given position x0,
even if the initial state is homogeneous [24]. The mechanism
for this is basedon the fact that the set of the local conservation
laws is also very sensitive to localized perturbations. Some
charges Qj are simply deformed by the defect; i.e., there are
bounded operators δQj localized around x0 such that

½H0; Qj" ¼ 0; ½H1; Qj þ δQj" ¼ 0; ð1Þ

whereH0 is the Hamiltonian of the “clean”model andH1 ¼
H0 þ d̂ is the Hamiltonian with the defect. In general,
however, there are also charges ~Qj of H0 for which such
bounded operators do not exist; i.e., they cannot be deformed
into conserved operators forH1.Wequalify themas “extinct.”
In contrast to the charges that are deformed, the extinct
charges have the peculiarity that the expectationvalue of their
commutatorwith the defect can remain nonzero for arbitrarily
large time

A ~Q ¼ lim
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tr½ρti½ ~Q; d̂"" ≠0; ð2Þ

where ρt is the time evolving state. This is sufficient to ensure
that the limit of infinite time does not commute with the limit
of infinite distance from the defect [24]: a light cone spreads
out from x0 separating the system into regions with macro-
scopically different properties.
We note that some charges of H1 can also result from the

merging of two distinct charges of the clean model, in the
sense that their densities in the bulk are different on the two
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The last decade has brought fresh insights into this
counterintuitive phenomenon, already addressed almost
one hundred years ago by J. von Neumann [1]. This
renewed interest started with a series of ground breaking
experiments [2,3]. Arguably, the most inspiring of these has
been the quantum Newton’s cradle [2], which motivated
copious theoretical research on the role of dimensionality
and conservation laws out of equilibrium [4–7]. The
theoretical picture that emerged is that in translationally
invariant systems the expectation value of any local
observable approaches a stationary value. This can be
computed in the effective stationary state with maximum
entropy under the constraints of the relevant integrals of
motion. Since integrable models have infinitely many local
conservation laws, which do affect the dynamics of local
observables, the stationary state emerging in those systems
is very different from standard statistical ensembles. It was
called the generalized Gibbs ensemble (GGE) [8] and is
characterized by the expectation values of local and
quasilocal conservation laws [4,6,9].
In practice, the set of the local charges is very sensitive to

global perturbations and real systems are never exactly
integrable. Thus, in actual experiments relaxation to a GGE
is only a property of (possibly very long) intermediate
times, which precede the onset of thermalization [10]. The
study of integrability breaking perturbations led to new
theoretical concepts, such as prethermalization [11,12] and
prerelaxation [12], which have been observed in experi-
ments [13,14]. These regimes occur at time scales such that
the fastest degrees of freedom have already relaxed, but the
approximate integrability of the model still plays a key role.
When translational invariance is broken, other forms of

stationary behavior appear. The typical example is the

evolution of inhomogeneous states obtained joining
together two chains at different temperatures [15–19] or
with different magnetizations [20], or any other different
global property [21]. Around the junction of the two chains
a nonequilibrium steady state (NESS) [22,23] emerges.
Importantly, a NESS can be produced simply by a

Hamiltonian defect d̂ localized around a given position x0,
even if the initial state is homogeneous [24]. The mechanism
for this is basedon the fact that the set of the local conservation
laws is also very sensitive to localized perturbations. Some
charges Qj are simply deformed by the defect; i.e., there are
bounded operators δQj localized around x0 such that

½H0; Qj" ¼ 0; ½H1; Qj þ δQj" ¼ 0; ð1Þ

whereH0 is the Hamiltonian of the “clean”model andH1 ¼
H0 þ d̂ is the Hamiltonian with the defect. In general,
however, there are also charges ~Qj of H0 for which such
bounded operators do not exist; i.e., they cannot be deformed
into conserved operators forH1.Wequalify themas “extinct.”
In contrast to the charges that are deformed, the extinct
charges have the peculiarity that the expectationvalue of their
commutatorwith the defect can remain nonzero for arbitrarily
large time

A ~Q ¼ lim
t→∞

tr½ρti½ ~Q; d̂"" ≠0; ð2Þ

where ρt is the time evolving state. This is sufficient to ensure
that the limit of infinite time does not commute with the limit
of infinite distance from the defect [24]: a light cone spreads
out from x0 separating the system into regions with macro-
scopically different properties.
We note that some charges of H1 can also result from the

merging of two distinct charges of the clean model, in the
sense that their densities in the bulk are different on the two
sides of the defect. For the sake of simplicity we consider
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been the quantum Newton’s cradle [2], which motivated
copious theoretical research on the role of dimensionality
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theoretical picture that emerged is that in translationally
invariant systems the expectation value of any local
observable approaches a stationary value. This can be
computed in the effective stationary state with maximum
entropy under the constraints of the relevant integrals of
motion. Since integrable models have infinitely many local
conservation laws, which do affect the dynamics of local
observables, the stationary state emerging in those systems
is very different from standard statistical ensembles. It was
called the generalized Gibbs ensemble (GGE) [8] and is
characterized by the expectation values of local and
quasilocal conservation laws [4,6,9].
In practice, the set of the local charges is very sensitive to

global perturbations and real systems are never exactly
integrable. Thus, in actual experiments relaxation to a GGE
is only a property of (possibly very long) intermediate
times, which precede the onset of thermalization [10]. The
study of integrability breaking perturbations led to new
theoretical concepts, such as prethermalization [11,12] and
prerelaxation [12], which have been observed in experi-
ments [13,14]. These regimes occur at time scales such that
the fastest degrees of freedom have already relaxed, but the
approximate integrability of the model still plays a key role.
When translational invariance is broken, other forms of

stationary behavior appear. The typical example is the

evolution of inhomogeneous states obtained joining
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a nonequilibrium steady state (NESS) [22,23] emerges.
Importantly, a NESS can be produced simply by a

Hamiltonian defect d̂ localized around a given position x0,
even if the initial state is homogeneous [24]. The mechanism
for this is basedon the fact that the set of the local conservation
laws is also very sensitive to localized perturbations. Some
charges Qj are simply deformed by the defect; i.e., there are
bounded operators δQj localized around x0 such that
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H0 þ d̂ is the Hamiltonian with the defect. In general,
however, there are also charges ~Qj of H0 for which such
bounded operators do not exist; i.e., they cannot be deformed
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In contrast to the charges that are deformed, the extinct
charges have the peculiarity that the expectationvalue of their
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where ρt is the time evolving state. This is sufficient to ensure
that the limit of infinite time does not commute with the limit
of infinite distance from the defect [24]: a light cone spreads
out from x0 separating the system into regions with macro-
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one hundred years ago by J. von Neumann [1]. This
renewed interest started with a series of ground breaking
experiments [2,3]. Arguably, the most inspiring of these has
been the quantum Newton’s cradle [2], which motivated
copious theoretical research on the role of dimensionality
and conservation laws out of equilibrium [4–7]. The
theoretical picture that emerged is that in translationally
invariant systems the expectation value of any local
observable approaches a stationary value. This can be
computed in the effective stationary state with maximum
entropy under the constraints of the relevant integrals of
motion. Since integrable models have infinitely many local
conservation laws, which do affect the dynamics of local
observables, the stationary state emerging in those systems
is very different from standard statistical ensembles. It was
called the generalized Gibbs ensemble (GGE) [8] and is
characterized by the expectation values of local and
quasilocal conservation laws [4,6,9].
In practice, the set of the local charges is very sensitive to

global perturbations and real systems are never exactly
integrable. Thus, in actual experiments relaxation to a GGE
is only a property of (possibly very long) intermediate
times, which precede the onset of thermalization [10]. The
study of integrability breaking perturbations led to new
theoretical concepts, such as prethermalization [11,12] and
prerelaxation [12], which have been observed in experi-
ments [13,14]. These regimes occur at time scales such that
the fastest degrees of freedom have already relaxed, but the
approximate integrability of the model still plays a key role.
When translational invariance is broken, other forms of

stationary behavior appear. The typical example is the

evolution of inhomogeneous states obtained joining
together two chains at different temperatures [15–19] or
with different magnetizations [20], or any other different
global property [21]. Around the junction of the two chains
a nonequilibrium steady state (NESS) [22,23] emerges.
Importantly, a NESS can be produced simply by a

Hamiltonian defect d̂ localized around a given position x0,
even if the initial state is homogeneous [24]. The mechanism
for this is basedon the fact that the set of the local conservation
laws is also very sensitive to localized perturbations. Some
charges Qj are simply deformed by the defect; i.e., there are
bounded operators δQj localized around x0 such that

½H0; Qj" ¼ 0; ½H1; Qj þ δQj" ¼ 0; ð1Þ

whereH0 is the Hamiltonian of the “clean”model andH1 ¼
H0 þ d̂ is the Hamiltonian with the defect. In general,
however, there are also charges ~Qj of H0 for which such
bounded operators do not exist; i.e., they cannot be deformed
into conserved operators forH1.Wequalify themas “extinct.”
In contrast to the charges that are deformed, the extinct
charges have the peculiarity that the expectationvalue of their
commutatorwith the defect can remain nonzero for arbitrarily
large time

A ~Q ¼ lim
t→∞

tr½ρti½ ~Q; d̂"" ≠0; ð2Þ

where ρt is the time evolving state. This is sufficient to ensure
that the limit of infinite time does not commute with the limit
of infinite distance from the defect [24]: a light cone spreads
out from x0 separating the system into regions with macro-
scopically different properties.
We note that some charges of H1 can also result from the

merging of two distinct charges of the clean model, in the
sense that their densities in the bulk are different on the two
sides of the defect. For the sake of simplicity we consider

PRL 117, 130402 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

23 SEPTEMBER 2016

0031-9007=16=117(13)=130402(6) 130402-1 © 2016 American Physical Society

t → ∞
ℓ = ζt + o(t)

proved in the quantum Ising model with a defect cutting the interaction between two sites

ζ ≠ 0

GGENESS

t

Lieb-Robinson velocity

ζ
homogeneous state 
homogeneous Hamiltonian with a localised defect 

domain-wall state 
homogeneous Hamiltonian 

homogeneous state 
domain-wall Hamiltonian



Relevance of inhomogeneities
locally quasistationary state

homogeneous state 
homogeneous Hamiltonian with a localised defect 

domain-wall state 
homogeneous Hamiltonian 

homogeneous state 
domain-wall Hamiltonian

GGENESS

1

Journal of Physics A: Mathematical and Theoretical

Charges and currents in quantum  
spin chains: late-time dynamics  
and spontaneous currents

Maurizio Fagotti1

Département de Physique, École Normale Supérieure/PSL Research University, 
CNRS, 24 rue Lhomond, 75005 Paris, France

E-mail: mfagotti@phys.ens.fr

Received 12 August 2016, revised 6 November 2016
Accepted for publication 14 November 2016
Published 20 December 2016

Abstract
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and unveil a formal expression for the corresponding currents. We briefly 
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the effects of a localized defect. We show that the emergence of spontaneous 
currents near the defect undermines any description of the late-time dynamics 
by means of a stationary state in a finite chain. In particular, the diagonal 
ensemble does not work. Finally, we provide numerical evidence that simple 
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1. Introduction

Local and quasi-local conservation laws and associated currents play a key role in the 
description of the late-time dynamics after quantum quenches. If both the initial state and the 
Hamiltonian are homogeneous, the stationary properties of local observables can be generally 
described by the stationary state with maximal entropy under the constraints of the (quasi-)
local integrals of motion [1, 2]. Focusing on integrable models, this picture results in the emer-
gence of so-called generalized Gibbs ensembles (GGE) [3].
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“Light-Cone” Dynamics After Quantum Quenches in Spin Chains
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Signal propagation in the nonequilibrium evolution after quantum quenches has recently attracted much
experimental and theoretical interest. A key question arising in this context is what principles, and which of
the properties of the quench, determine the characteristic propagation velocity. Here we investigate such
issues for a class of quench protocols in one of the central paradigms of interacting many-particle quantum
systems, the spin-1=2 Heisenberg XXZ chain. We consider quenches from a variety of initial thermal
density matrices to the same final Hamiltonian using matrix product state methods. The spreading
velocities are observed to vary substantially with the initial density matrix. However, we achieve a striking
data collapse when the spreading velocity is considered to be a function of the excess energy. Using the fact
that the XXZ chain is integrable, we present an explanation of the observed velocities in terms of
“excitations” in an appropriately defined generalized Gibbs ensemble.

DOI: 10.1103/PhysRevLett.113.187203 PACS numbers: 75.10.Jm, 02.30.Ik, 05.70.Ln

The last few years have witnessed a number of signifi-
cant advances in understanding the nonequilibirum dynam-
ics in isolated quantum systems. Much of this activity has
focused on fundamental concepts such as thermalization
[1–5] or the roles played by dimensionality and conserva-
tion laws [6–16].
Another key issue concerns the spreading of correlations

out of equilibrium, and, in particular, the “light-cone” effect
after global quantum quenches. The most commonly
studied protocol in this context is to prepare the system
in the ground state of a given Hamiltonian, and to then
suddenly change a system parameter such as a magnetic
field or interaction strength. At subsequent times the
spreading of correlations can then be analyzed by consid-
ering the time dependence of two-point functions of local
operators separated by a fixed distance. As shown by Lieb
and Robinson [17,18], the velocity of information transfer
in quantum systems is bounded. This gives rise to a causal
structure in commutators of local operators at different
times, although Schrödinger’s equation, unlike relativistic
theories, has no built-in speed limit. Recently, the Lieb-
Robinson bounds have been refined [19–21] and extended
to mixed state dynamics in open quantum systems [21,22],
as well as topological quantum order [23].
A striking consequence of the Lieb-Robinson bound is

that the equal-time correlators after a quantum quench
feature a light-cone effect [23], which is most pronounced
for quenches to conformal field theories from initial
density matrices with a finite correlation length [24]:
connected correlations are initially absent, but exhibit a
marked increase after a time t0 ¼ x=2v. This observation
is explained by noting [25,26] that entangled pairs of
quasiparticles initially located halfway between the two
points of measurement propagate with the speed of light v

and, hence, induce correlations after a time t0. These
predictions have been verified numerically in several
systems, see, e.g., [27–32]. Very recently light-cone
effects after quantum quenches have been observed in
systems of ultracold atomic gases [33,34] and trapped ions
[35,36]. The experimental work raises the poignant
theoretical issue of which velocity underlies the observed
light-cone effect in nonrelativistic systems at finite energy
densities. Here there is no unique velocity of light, and
quasiparticles in interacting systems will generally have
finite lifetimes depending on the details of the initial
density matrix.
In order to shed some light on this issue, we have carried

out a systematic study of the spreading of correlations in the
spin-1=2 Heisenberg XXZ chain, a key paradigm among
interacting many-body quantum systems in one spatial
dimension. We fix the final (quenched) Hamiltonian and
vary the initial conditions over a large range of parameters.
Moreover, we do not only consider initial pure states [29]
but also prepare the system in thermal initial states as
illustrated in Fig. 1(a). The latter is of significant interest in
view of experimental realizations. Apart from a recent
numerical study for local quenches [37], the spreading
of signals in quenches from thermal states is basically
unexplored.
Our numerical simulations are based on a quench

extension of a recently proposed algorithm utilizing an
optimized wave function ensemble called Minimally
Entangled Typical Thermal States (METTS) [38,39] imple-
mented within the matrix product state (MPS) framework.
We come back to the description of the algorithm and a
discussion of its performance towards the end of this Letter.
Results.—In the following we consider quenches to the

spin-1=2 Heisenberg XXZ chain with anisotropy Δ,
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Ĥ =
L

∑
ℓ=1

1
2

( ̂cℓ ̂c†
ℓ+1 − ̂c†

ℓ ̂cℓ+1) +
γ
2

( ̂cℓ ̂cℓ+1 − ̂c†
ℓ ̂c†

ℓ+1)example:



Currents in Free Fermion Systems

1

Journal of Physics A: Mathematical and Theoretical

Charges and currents in quantum  
spin chains: late-time dynamics  
and spontaneous currents

Maurizio Fagotti1

Département de Physique, École Normale Supérieure/PSL Research University, 
CNRS, 24 rue Lhomond, 75005 Paris, France

E-mail: mfagotti@phys.ens.fr

Received 12 August 2016, revised 6 November 2016
Accepted for publication 14 November 2016
Published 20 December 2016

Abstract
We review the structure of the conservation laws in noninteracting spin chains 
and unveil a formal expression for the corresponding currents. We briefly 
discuss how interactions affect the picture. In the second part, we explore 
the effects of a localized defect. We show that the emergence of spontaneous 
currents near the defect undermines any description of the late-time dynamics 
by means of a stationary state in a finite chain. In particular, the diagonal 
ensemble does not work. Finally, we provide numerical evidence that simple 
generic localized defects are not sufficient to induce thermalization.

Keywords: quantum quenches, conservation laws, non-equilibrium 
dynamics, diagonal ensemble, thermalization, spin-chain models,  
localized defects

(Some figures may appear in colour only in the online journal)

1. Introduction

Local and quasi-local conservation laws and associated currents play a key role in the 
description of the late-time dynamics after quantum quenches. If both the initial state and the 
Hamiltonian are homogeneous, the stationary properties of local observables can be generally 
described by the stationary state with maximal entropy under the constraints of the (quasi-)
local integrals of motion [1, 2]. Focusing on integrable models, this picture results in the emer-
gence of so-called generalized Gibbs ensembles (GGE) [3].
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Ĥ =
1
4

⃗a t𝕋[h] ⃗a

[h(λ), q(λ)] = 0

a2ℓ−1 = cℓ + c†
ℓ

a2ℓ = i(cℓ − c†
ℓ)

block-Toeplitz operator (with               )

𝕋[t]2κℓ+i,2κn+j = ∫
dλ
2π

e−i(ℓ−n)λ[t(λ)]ij

symbolℓ, n ∈ ℤ

local charges

Hamiltonian

̂J =
1
4

⃗a t𝕋[ 1
2

{q, h′�}] ⃗acurrents
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GHD in Interacting Integrable Systems

ζ∂ζρn,ζ(λ) ≈ ∂ζ[vn,ζ(λ)ρn,ζ(λ)]

generally there are more species of  excitations the velocity depends on the ray, as it depends on the state
[the relation is provided by the Bethe Ansatz]

Transport in Out-of-Equilibrium XXZ Chains: Exact Profiles of Charges and Currents
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We consider the nonequilibrium time evolution of piecewise homogeneous states in the XXZ spin-1=2
chain, a paradigmatic example of an interacting integrable model. The initial state can be thought of as the
result of joining chains with different global properties. Through dephasing, at late times, the state becomes
locally equivalent to a stationary state which explicitly depends on position and time. We propose a kinetic
theory of elementary excitations and derive a continuity equation which fully characterizes the
thermodynamics of the model. We restrict ourselves to the gapless phase and consider cases where the
chains are prepared: (1) at different temperatures, (2) in the ground state of two different models, and (3) in
the “domain wall” state. We find excellent agreement (any discrepancy is within the numerical error)
between theoretical predictions and numerical simulations of time evolution based on time-evolving block
decimation algorithms. As a corollary, we unveil an exact expression for the expectation values of the
charge currents in a generic stationary state.

DOI: 10.1103/PhysRevLett.117.207201

During the last decade, the study of nonequilibrium
dynamics in quantum many-body systems has experienced
a golden age. The experimental possibility for investigating
almost purely unitary time evolution [1] sparked off a
diffuse theoretical excitement [2–7]. The challenge was to
understand in which sense unitarily evolving systems can
relax to stationary states, and, if this happens, how to
determine the stationary values of the observables. The
main focus has been on translationally invariant systems.
There, a clear theoretical construction has been developed:
while the full system can not relax, in the thermodynamic
limit, finite subsystems can, as the rest of the system acts as
an unusual bath. It was argued that the stationary values of
local observables are determined by local and quasilocal
conservation laws [2,4,8]. It is convenient to distinguish
between generic models, where the Hamiltonian is the only
local conserved quantity, and integrable models, where the
number of local charges scales with the systems’s size. It
was conjectured that, in the former case, stationary values
of local observables are described by Gibbs ensembles [9]
while, in the latter, by so-called generalized Gibbs ensem-
bles (GGEs) [10]. Importantly, traces of the underlying
integrability remain even in the presence of small integra-
bility-breaking perturbations: at intermediate times, the
expectation values of local observables approach quasista-
tionary plateaux retaining infinite memory of the initial
state [11–14].
In the absence of translational invariance, the situation

gets more complicated. In this context, a variety of
different settings have been considered, which can be
cast into two main classes. The first consists of dynamics
governed by translationally invariant Hamiltonians on

inhomogeneous states. Relevant examples are the sudden
junction of two chains at different temperatures [15–22],
with different magnetizations [23,24], or with other differ-
ent global properties [25,26]. In the second class, we
include dynamics where the Hamiltonian features a
localized defect [27–30]. In both cases, a nonequilibrium
steady state (NESS) emerges: around the junction of the
chains in the first class of problems [22,31,32] and close
to the defect in the second [27,30]. The characterization of
the transport properties of the NESS have attracted
tremendous attention; however, the NESS is just the tip
of the iceberg. In the limit of large time t and large
distance x from the inhomogeneity, the state becomes
locally equivalent to a nontrivial stationary state, which, in
integrable models, turns out to depend only on the “ray”
ζ ¼ x=t [23,26,30]. We will refer to the latter as a locally
quasistationary state (LQSS) [30]. We note that ray-
dependent profiles of specific observables emerge natu-
rally in hydrodynamical approaches [33], which have also
been applied in more generic systems [34]. Even though
these problems have been under scrutiny for a long time,
exact analytic results have been obtained only in non-
interacting models and conformal field theories, the role of
interaction remaining elusive until now.
In this Letter, we study transport phenomena in interact-

ing integrable models, focusing on the first class of
protocols. We propose a “kinetic theory” of the elementary
excitations and obtain a continuity equation whose solution
gives the exact LQSS characterizing the state of the system
at late times. Solving the continuity equation gives us full
access to the state and, in particular, to the expectation
values of charge densities and related currents in the entire
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Emergent Hydrodynamics in Integrable Quantum Systems Out of Equilibrium
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Understanding the general principles underlying strongly interacting quantum states out of equilibrium
is one of the most important tasks of current theoretical physics. With experiments accessing the intricate
dynamics of many-body quantum systems, it is paramount to develop powerful methods that encode the
emergent physics. Up to now, the strong dichotomy observed between integrable and nonintegrable
evolutions made an overarching theory difficult to build, especially for transport phenomena where space-
time profiles are drastically different. We present a novel framework for studying transport in integrable
systems: hydrodynamics with infinitely many conservation laws. This bridges the conceptual gap between
integrable and nonintegrable quantum dynamics, and gives powerful tools for accurate studies of space-
time profiles. We apply it to the description of energy transport between heat baths, and provide a full
description of the current-carrying nonequilibrium steady state and the transition regions in a family of
models including the Lieb-Liniger model of interacting Bose gases, realized in experiments.

DOI: 10.1103/PhysRevX.6.041065 Subject Areas: Nonlinear Dynamics,
Quantum Physics, Statistical Physics

I. INTRODUCTION

Many-body quantum systems out of equilibrium give
rise to some of the most important challenges of modern
physics [1]. They have received a lot of attention recently,
with experiments on quantum heat flows [2,3], generalized
thermalization [4,5], and light-cone effects [6]. The leading
principle underlying nonequilibrium dynamics is that of
local transport carried by conserved currents. Deeper
understanding can be gained from studying nonequili-
brium, current-carrying steady states, especially those
emerging from unitary dynamics [7]. This principle gives
rise to two seemingly disconnected paradigms for many-
body quantum dynamics. On the one hand, taking into
account only few conservation laws, emergent hydrody-
namics [8–12] offers a powerful description where the
physics of fluids dominates [13–18]. On the other hand, in
integrable systems, the infinite number of conservation
laws is known to lead to generalized thermalization [19–21]
(there are many fundamental works on the subject; see the
review [22]), and the presence of quasilocal charges has
been shown to influence transport [23,24] (see the review
[25]). However, except at criticality [26,27] (see the review
[28]), no general many-body emergent dynamics has been
proposed in the integrable case; with the available frame-
works, these two paradigms seem difficult to bridge. The

study of prethermalization or prerelaxation under small
integrability breaking [22,28–30], the elusive quantum
Kolmogorov-Arnold-Moser theorem [31,32], the develop-
ment of perturbation theory for nonequilibrium states, and
the exact treatment of nonequilibrium steady states and of
nonhomogeneous quantum dynamics in unitary interacting
integrable models remain difficult problems.
In this paper, using the recent advances on generalized

thermalization and developing further aspects of integrabil-
ity, we propose a solution to such problems by deriving a
general theory of hydrodynamics with infinitely many
conservation laws. The theory, applicable to a large integra-
bility class, is derived solely from the fundamental tenet of
emerging hydrodynamic: local entropy maximization (often
referred to as local thermodynamic equilibrium) [33–37].
Focusing on quantum field theory (QFT) in one space
dimension, we then study a family of models that include
the paradigmatic Lieb-Liniger (LL) model [38] for interact-
ing Bose gases, explicitly realized in experiments [4,5,39–
41].We concentrate on far-from-equilibrium states driven by
heat baths in the partitioning protocol [7,26,27,42] (see
Fig. 1). We provide currents and full space-time profiles
which are in principle experimentally accessible, beyond
linear response and for arbitrary interaction strengths. We
make contact with the physics of rarefaction waves, and with
the concept of quasiparticle underlying integrable dynamics.

II. SETUP

Let two semi-infinite halves (which we refer to as the
left and right reservoirs) of a homogeneous, short-range
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We consider the nonequilibrium time evolution of piecewise homogeneous states in the XXZ spin-1=2
chain, a paradigmatic example of an interacting integrable model. The initial state can be thought of as the
result of joining chains with different global properties. Through dephasing, at late times, the state becomes
locally equivalent to a stationary state which explicitly depends on position and time. We propose a kinetic
theory of elementary excitations and derive a continuity equation which fully characterizes the
thermodynamics of the model. We restrict ourselves to the gapless phase and consider cases where the
chains are prepared: (1) at different temperatures, (2) in the ground state of two different models, and (3) in
the “domain wall” state. We find excellent agreement (any discrepancy is within the numerical error)
between theoretical predictions and numerical simulations of time evolution based on time-evolving block
decimation algorithms. As a corollary, we unveil an exact expression for the expectation values of the
charge currents in a generic stationary state.
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During the last decade, the study of nonequilibrium
dynamics in quantum many-body systems has experienced
a golden age. The experimental possibility for investigating
almost purely unitary time evolution [1] sparked off a
diffuse theoretical excitement [2–7]. The challenge was to
understand in which sense unitarily evolving systems can
relax to stationary states, and, if this happens, how to
determine the stationary values of the observables. The
main focus has been on translationally invariant systems.
There, a clear theoretical construction has been developed:
while the full system can not relax, in the thermodynamic
limit, finite subsystems can, as the rest of the system acts as
an unusual bath. It was argued that the stationary values of
local observables are determined by local and quasilocal
conservation laws [2,4,8]. It is convenient to distinguish
between generic models, where the Hamiltonian is the only
local conserved quantity, and integrable models, where the
number of local charges scales with the systems’s size. It
was conjectured that, in the former case, stationary values
of local observables are described by Gibbs ensembles [9]
while, in the latter, by so-called generalized Gibbs ensem-
bles (GGEs) [10]. Importantly, traces of the underlying
integrability remain even in the presence of small integra-
bility-breaking perturbations: at intermediate times, the
expectation values of local observables approach quasista-
tionary plateaux retaining infinite memory of the initial
state [11–14].
In the absence of translational invariance, the situation

gets more complicated. In this context, a variety of
different settings have been considered, which can be
cast into two main classes. The first consists of dynamics
governed by translationally invariant Hamiltonians on

inhomogeneous states. Relevant examples are the sudden
junction of two chains at different temperatures [15–22],
with different magnetizations [23,24], or with other differ-
ent global properties [25,26]. In the second class, we
include dynamics where the Hamiltonian features a
localized defect [27–30]. In both cases, a nonequilibrium
steady state (NESS) emerges: around the junction of the
chains in the first class of problems [22,31,32] and close
to the defect in the second [27,30]. The characterization of
the transport properties of the NESS have attracted
tremendous attention; however, the NESS is just the tip
of the iceberg. In the limit of large time t and large
distance x from the inhomogeneity, the state becomes
locally equivalent to a nontrivial stationary state, which, in
integrable models, turns out to depend only on the “ray”
ζ ¼ x=t [23,26,30]. We will refer to the latter as a locally
quasistationary state (LQSS) [30]. We note that ray-
dependent profiles of specific observables emerge natu-
rally in hydrodynamical approaches [33], which have also
been applied in more generic systems [34]. Even though
these problems have been under scrutiny for a long time,
exact analytic results have been obtained only in non-
interacting models and conformal field theories, the role of
interaction remaining elusive until now.
In this Letter, we study transport phenomena in interact-

ing integrable models, focusing on the first class of
protocols. We propose a “kinetic theory” of the elementary
excitations and obtain a continuity equation whose solution
gives the exact LQSS characterizing the state of the system
at late times. Solving the continuity equation gives us full
access to the state and, in particular, to the expectation
values of charge densities and related currents in the entire
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Understanding the general principles underlying strongly interacting quantum states out of equilibrium
is one of the most important tasks of current theoretical physics. With experiments accessing the intricate
dynamics of many-body quantum systems, it is paramount to develop powerful methods that encode the
emergent physics. Up to now, the strong dichotomy observed between integrable and nonintegrable
evolutions made an overarching theory difficult to build, especially for transport phenomena where space-
time profiles are drastically different. We present a novel framework for studying transport in integrable
systems: hydrodynamics with infinitely many conservation laws. This bridges the conceptual gap between
integrable and nonintegrable quantum dynamics, and gives powerful tools for accurate studies of space-
time profiles. We apply it to the description of energy transport between heat baths, and provide a full
description of the current-carrying nonequilibrium steady state and the transition regions in a family of
models including the Lieb-Liniger model of interacting Bose gases, realized in experiments.
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I. INTRODUCTION

Many-body quantum systems out of equilibrium give
rise to some of the most important challenges of modern
physics [1]. They have received a lot of attention recently,
with experiments on quantum heat flows [2,3], generalized
thermalization [4,5], and light-cone effects [6]. The leading
principle underlying nonequilibrium dynamics is that of
local transport carried by conserved currents. Deeper
understanding can be gained from studying nonequili-
brium, current-carrying steady states, especially those
emerging from unitary dynamics [7]. This principle gives
rise to two seemingly disconnected paradigms for many-
body quantum dynamics. On the one hand, taking into
account only few conservation laws, emergent hydrody-
namics [8–12] offers a powerful description where the
physics of fluids dominates [13–18]. On the other hand, in
integrable systems, the infinite number of conservation
laws is known to lead to generalized thermalization [19–21]
(there are many fundamental works on the subject; see the
review [22]), and the presence of quasilocal charges has
been shown to influence transport [23,24] (see the review
[25]). However, except at criticality [26,27] (see the review
[28]), no general many-body emergent dynamics has been
proposed in the integrable case; with the available frame-
works, these two paradigms seem difficult to bridge. The

study of prethermalization or prerelaxation under small
integrability breaking [22,28–30], the elusive quantum
Kolmogorov-Arnold-Moser theorem [31,32], the develop-
ment of perturbation theory for nonequilibrium states, and
the exact treatment of nonequilibrium steady states and of
nonhomogeneous quantum dynamics in unitary interacting
integrable models remain difficult problems.
In this paper, using the recent advances on generalized

thermalization and developing further aspects of integrabil-
ity, we propose a solution to such problems by deriving a
general theory of hydrodynamics with infinitely many
conservation laws. The theory, applicable to a large integra-
bility class, is derived solely from the fundamental tenet of
emerging hydrodynamic: local entropy maximization (often
referred to as local thermodynamic equilibrium) [33–37].
Focusing on quantum field theory (QFT) in one space
dimension, we then study a family of models that include
the paradigmatic Lieb-Liniger (LL) model [38] for interact-
ing Bose gases, explicitly realized in experiments [4,5,39–
41].We concentrate on far-from-equilibrium states driven by
heat baths in the partitioning protocol [7,26,27,42] (see
Fig. 1). We provide currents and full space-time profiles
which are in principle experimentally accessible, beyond
linear response and for arbitrary interaction strengths. We
make contact with the physics of rarefaction waves, and with
the concept of quasiparticle underlying integrable dynamics.

II. SETUP

Let two semi-infinite halves (which we refer to as the
left and right reservoirs) of a homogeneous, short-range
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3Département de Physique, École Normale Supérieure/PSL Research University, CNRS, 24 rue Lhomond, 75005 Paris, France

(Received 17 June 2016; published 8 November 2016)

We consider the nonequilibrium time evolution of piecewise homogeneous states in the XXZ spin-1=2
chain, a paradigmatic example of an interacting integrable model. The initial state can be thought of as the
result of joining chains with different global properties. Through dephasing, at late times, the state becomes
locally equivalent to a stationary state which explicitly depends on position and time. We propose a kinetic
theory of elementary excitations and derive a continuity equation which fully characterizes the
thermodynamics of the model. We restrict ourselves to the gapless phase and consider cases where the
chains are prepared: (1) at different temperatures, (2) in the ground state of two different models, and (3) in
the “domain wall” state. We find excellent agreement (any discrepancy is within the numerical error)
between theoretical predictions and numerical simulations of time evolution based on time-evolving block
decimation algorithms. As a corollary, we unveil an exact expression for the expectation values of the
charge currents in a generic stationary state.
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During the last decade, the study of nonequilibrium
dynamics in quantum many-body systems has experienced
a golden age. The experimental possibility for investigating
almost purely unitary time evolution [1] sparked off a
diffuse theoretical excitement [2–7]. The challenge was to
understand in which sense unitarily evolving systems can
relax to stationary states, and, if this happens, how to
determine the stationary values of the observables. The
main focus has been on translationally invariant systems.
There, a clear theoretical construction has been developed:
while the full system can not relax, in the thermodynamic
limit, finite subsystems can, as the rest of the system acts as
an unusual bath. It was argued that the stationary values of
local observables are determined by local and quasilocal
conservation laws [2,4,8]. It is convenient to distinguish
between generic models, where the Hamiltonian is the only
local conserved quantity, and integrable models, where the
number of local charges scales with the systems’s size. It
was conjectured that, in the former case, stationary values
of local observables are described by Gibbs ensembles [9]
while, in the latter, by so-called generalized Gibbs ensem-
bles (GGEs) [10]. Importantly, traces of the underlying
integrability remain even in the presence of small integra-
bility-breaking perturbations: at intermediate times, the
expectation values of local observables approach quasista-
tionary plateaux retaining infinite memory of the initial
state [11–14].
In the absence of translational invariance, the situation

gets more complicated. In this context, a variety of
different settings have been considered, which can be
cast into two main classes. The first consists of dynamics
governed by translationally invariant Hamiltonians on

inhomogeneous states. Relevant examples are the sudden
junction of two chains at different temperatures [15–22],
with different magnetizations [23,24], or with other differ-
ent global properties [25,26]. In the second class, we
include dynamics where the Hamiltonian features a
localized defect [27–30]. In both cases, a nonequilibrium
steady state (NESS) emerges: around the junction of the
chains in the first class of problems [22,31,32] and close
to the defect in the second [27,30]. The characterization of
the transport properties of the NESS have attracted
tremendous attention; however, the NESS is just the tip
of the iceberg. In the limit of large time t and large
distance x from the inhomogeneity, the state becomes
locally equivalent to a nontrivial stationary state, which, in
integrable models, turns out to depend only on the “ray”
ζ ¼ x=t [23,26,30]. We will refer to the latter as a locally
quasistationary state (LQSS) [30]. We note that ray-
dependent profiles of specific observables emerge natu-
rally in hydrodynamical approaches [33], which have also
been applied in more generic systems [34]. Even though
these problems have been under scrutiny for a long time,
exact analytic results have been obtained only in non-
interacting models and conformal field theories, the role of
interaction remaining elusive until now.
In this Letter, we study transport phenomena in interact-

ing integrable models, focusing on the first class of
protocols. We propose a “kinetic theory” of the elementary
excitations and obtain a continuity equation whose solution
gives the exact LQSS characterizing the state of the system
at late times. Solving the continuity equation gives us full
access to the state and, in particular, to the expectation
values of charge densities and related currents in the entire
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We consider the nonequilibrium time evolution of piecewise homogeneous states in the XXZ spin-1=2
chain, a paradigmatic example of an interacting integrable model. The initial state can be thought of as the
result of joining chains with different global properties. Through dephasing, at late times, the state becomes
locally equivalent to a stationary state which explicitly depends on position and time. We propose a kinetic
theory of elementary excitations and derive a continuity equation which fully characterizes the
thermodynamics of the model. We restrict ourselves to the gapless phase and consider cases where the
chains are prepared: (1) at different temperatures, (2) in the ground state of two different models, and (3) in
the “domain wall” state. We find excellent agreement (any discrepancy is within the numerical error)
between theoretical predictions and numerical simulations of time evolution based on time-evolving block
decimation algorithms. As a corollary, we unveil an exact expression for the expectation values of the
charge currents in a generic stationary state.
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During the last decade, the study of nonequilibrium
dynamics in quantum many-body systems has experienced
a golden age. The experimental possibility for investigating
almost purely unitary time evolution [1] sparked off a
diffuse theoretical excitement [2–7]. The challenge was to
understand in which sense unitarily evolving systems can
relax to stationary states, and, if this happens, how to
determine the stationary values of the observables. The
main focus has been on translationally invariant systems.
There, a clear theoretical construction has been developed:
while the full system can not relax, in the thermodynamic
limit, finite subsystems can, as the rest of the system acts as
an unusual bath. It was argued that the stationary values of
local observables are determined by local and quasilocal
conservation laws [2,4,8]. It is convenient to distinguish
between generic models, where the Hamiltonian is the only
local conserved quantity, and integrable models, where the
number of local charges scales with the systems’s size. It
was conjectured that, in the former case, stationary values
of local observables are described by Gibbs ensembles [9]
while, in the latter, by so-called generalized Gibbs ensem-
bles (GGEs) [10]. Importantly, traces of the underlying
integrability remain even in the presence of small integra-
bility-breaking perturbations: at intermediate times, the
expectation values of local observables approach quasista-
tionary plateaux retaining infinite memory of the initial
state [11–14].
In the absence of translational invariance, the situation

gets more complicated. In this context, a variety of
different settings have been considered, which can be
cast into two main classes. The first consists of dynamics
governed by translationally invariant Hamiltonians on

inhomogeneous states. Relevant examples are the sudden
junction of two chains at different temperatures [15–22],
with different magnetizations [23,24], or with other differ-
ent global properties [25,26]. In the second class, we
include dynamics where the Hamiltonian features a
localized defect [27–30]. In both cases, a nonequilibrium
steady state (NESS) emerges: around the junction of the
chains in the first class of problems [22,31,32] and close
to the defect in the second [27,30]. The characterization of
the transport properties of the NESS have attracted
tremendous attention; however, the NESS is just the tip
of the iceberg. In the limit of large time t and large
distance x from the inhomogeneity, the state becomes
locally equivalent to a nontrivial stationary state, which, in
integrable models, turns out to depend only on the “ray”
ζ ¼ x=t [23,26,30]. We will refer to the latter as a locally
quasistationary state (LQSS) [30]. We note that ray-
dependent profiles of specific observables emerge natu-
rally in hydrodynamical approaches [33], which have also
been applied in more generic systems [34]. Even though
these problems have been under scrutiny for a long time,
exact analytic results have been obtained only in non-
interacting models and conformal field theories, the role of
interaction remaining elusive until now.
In this Letter, we study transport phenomena in interact-

ing integrable models, focusing on the first class of
protocols. We propose a “kinetic theory” of the elementary
excitations and obtain a continuity equation whose solution
gives the exact LQSS characterizing the state of the system
at late times. Solving the continuity equation gives us full
access to the state and, in particular, to the expectation
values of charge densities and related currents in the entire
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Transport in out-of-equilibrium XXZ chains: Nonballistic behavior and correlation functions
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We consider the nonequilibrium protocol where two semi-infinite gapped XXZ chains, initially prepared in
different equilibrium states, are suddenly joined together. At large times, a generalized hydrodynamic description
applies, according to which the system can locally be represented by space- and time-dependent stationary states.
The magnetization displays an unusual behavior: depending on the initial state, its profile may exhibit abrupt
jumps that can not be predicted directly from the standard hydrodynamic equations and which signal nonballistic
spin transport. We ascribe this phenomenon to the structure of the local conservation laws and make a prediction
for the exact location of the jumps. We find that the jumps propagate at the velocities of the heaviest quasiparticles.
By means of time-dependent density matrix renormalization group simulations we show that our theory yields a
complete description of the long-time steady profiles of conserved charges, currents, and local correlations.
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I. INTRODUCTION

The role of integrability in modern many-body quantum
physics could hardly be overestimated, having strengthened
our understanding of ground-state and thermal physics for the
better part of the last century [1– 4]. In the past two decades,
there has been an unprecedented and increasing interest in the
nonequilibrium dynamics of isolated systems, and integrable
models have been the ideal environment where to investigate
out-of-equilibrium physics (see Ref. [5] for a volume of recent
pedagogic reviews on the subject). This is intimately connected
with the development of new experimental techniques in cold
atoms, which now allow us to probe almost unitary quantum
nonequilibrium dynamics [6– 16].

One problem that has catalyzed an impressive amount of
theoretical efforts is the characterization of the long-time
steady state reached in an integrable system prepared in
an out-of-equilibrium state. In the simplest instance, the
system is initially prepared in a homogeneous equilibrium
state, and perturbed by a sudden change in one of the
Hamiltonian parameters (a so-called quantum quench [17]).
It is now established that local observables relax and can
be quantitatively described by a generalized Gibbs ensemble
(GGE), a statistical ensemble built taking into account all the
local and quasilocal conserved operators [18– 20].

More recently, increasing attention has been devoted to
the more general and complex case where the system is
initially prepared in a inhomogeneous state, for example, by
joining together two macroscopically different homogeneous
states. Initially, analytical understanding was restricted to
either free systems [21– 38] or conformally invariant models
and Luttinger liquids [39– 50], while genuinely interacting
systems were mainly investigated numerically, or relying on
ad hoc conjectures [51– 58]. A breakthrough came in the
past year, with the introduction of the so-called generalized
hydrodynamics [59,60]. A significant number of studies have
already been devoted to further investigate some of its most in-
teresting aspects [61– 68]. Indeed, such approach is extremely
flexible, allowing one to study, for instance, nonequilibrium
dynamics in the presence of localized defects [69,70], or of

confining traps [61]. Furthermore, it has been shown that the
hydrodynamic picture not only gives an exact description at
infinite length and time scales but can also be a surprisingly
good approximation at finite scales [65– 67] or in the presence
of small integrability breaking terms [61]. These developments
also boosted the study of linear and nonlinear transport in
integrable systems, which is a topic of long-standing interest
and with a long history [71– 86]. Hydrodynamic approaches
led to important results on several open questions, such as the
nature of spin and charge Drude weights [87,88]. In addition,
related ideas were recently employed for the computation of
the time evolution of the entanglement entropy after a global
quench [89].

According to the hydrodynamic picture, at large times
t local subsystems at distance x from the junction reach
different stationary states depending on the “ray” x/t , see
Fig. 1. Stationary states describing observables on a fixed ray
are characterized by appropriate GGEs or, equivalently, by
appropriate distributions of quasimomenta (or rapidities) of
the elementary excitations.

The derivation of the hydrodynamic equations proposed in
Refs. [59] and [60] is based on the existence of a complete
set of conservation laws. Remarkably, the conservation laws
in the XXZ chain have a different structure in the gapped and
gapless regimes [82,90– 95]. Only the latter case, however, has
been analyzed theoretically [60], so it is natural to wonder
whether and why qualitative differences emerge in the space-
time profiles of local observables.

In this work, we settle this issue. We provide a detailed
analysis of the space-time profiles of local conserved charges,
currents and local correlations in the gapped regime. The
most remarkable phenomena are observed when the sign of
the magnetization in the initial state is not the same on the
two sides of the junction. In that case, observables display a
different behavior depending on how they transform under spin
flip. In particular, the magnetization exhibits abrupt jumps,
which can not be predicted directly from the hydrodynamic
equations obtained in Ref. [60]; the jumps are the signature
of nonballistic transport. We derive an equation that describes

2469-9950/2017/96(11)/115124(12) 115124-1 ©2017 American Physical Society
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as one can clearly see from the logarithmic plot in Fig. 4. As
a function of the temperatures, it approximately behaves as
∼exp[− # min(βR,βL)/2].

B. Heterogeneous magnetization signs: Nonballistic behavior

We now turn to presenting our results for the case where the
semi-infinite spin chains are initially prepared in equilibrium
states with different magnetization signs fR = − fL ≡ − f. In
light of the discussion in Sec. IV A, we expect the observables
that are odd under spin flip to abruptly flip their sign at ζ =
ζ∞. This is nicely displayed in Fig. 5, where we reported
our theoretical predictions and numerical data from tDMRG
simulations.

In order to test our predictions of the jumps against
numerics, we proceed as follows. We fix a local observable
Oi and compute its profiles starting from two different initial
states, ρ

(1)
0 and ρ

(2)
0 . These states are chosen to differ only in

the sign of the magnetic field on the right. For the first state
we have fL = f and fR = f, while, for the second one, fL = f
and fR = − f. We then define the ratio

RO
f,ζ (t) ≡

tr
(
Oζ t (t)ρ

(2)
0

)

tr
(
Oζ t (t)ρ

(1)
0

) . (44)
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−

−

−
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−
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FIG. 6. Space-time profiles of densities and currents of spin and
energy. Different plots correspond to different values of #, in the
gapless regime # = cos π/ℓ, with ℓ = 3,7 and in the gapped regime
# = 1.2. The small circles on top of the profiles indicate the positions
of the light cones ζ±

n for each values of #. Note that the number of
light cones in the gapless regime is finite as the number of species is
also finite. In the gapped regime instead, there is an infinite number of
light cones converging to the ray ζ∞, where the magnetization density
and the spin current change sign.

This ratio is such that

lim
t→∞

RO
f,ζ (t) =

{
sgn(ζ∞ − ζ ) &Oi& = − Oi

1 &Oi& = Oi
. (45)

We remark that the analytic calculation of the profile of Oi is
not required to test this prediction; this allows us to consider
also observables for which we are not able to calculate the
profile. For example, in Fig. 5, we also report RO

f,ζ (t) for
Oi = σ z

i σ
z
i+1σ

z
i+2. We see from the figure that we are able

to successfully test (45) against tDMRG data, even though no
formula involving the root densities is currently available for
computing the expectation value of this operator.

In all the cases considered, the tDMRG simulations are
compatible with our predictions, but the corrections are not
always small. In particular, a slow, sub-ballistic behavior is
expected at the discontinuity of the profiles, which contributes
to the presence of large finite-time effects. As a result, the
tDMRG simulations can not reach sufficiently long times
to observe an actual discontinuous behavior. We ascribe the
differences between our predictions and the tDMRG data to
such numerical problems; our analysis of how the tDMRG data
approach their asymptotic values supports that conclusion.

The abrupt jumps in the profiles of odd observables dis-
played in Fig. 5 find no correspondence in the gapless regime.
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beyond GHD



Recap

• A local defect can have macroscopic effects on the late-time 
dynamics 

• The space-time scaling limit (                          fixed) in integrable 
systems is captured by a (generalised) hydrodynamic theory 

• GHD does not capture diffusion and large-time corrections

t → ∞, ζ = x /t
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